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Abstract. We perform a multiscale analysis for the elastic energy of a n-dimensional bilayer thin film of 
thickness 28 whose layers are connected through an e-periodically distributed contact zone. Describing 
the contact zone as a union of (n — l)-dimensional balls of radius r <C e (the holes of the sieve) and 
assuming that J«£, we show that the asymptotic memory of the sieve (as e — > 0) is witnessed by the 
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1. Introduction 

For an ever increasing variety of applications, an interesting problem to be explored is to model the 
debonding of a thin film from a substrate. 

If we consider a stretched film bonded to an infinite rigid substrate, the elastic energy of this film 
scales as its thickness. If the film debonds from the substrate, on one hand its elastic energy tends to 
zero, while on the other hand this creates a new surface and then an interfacial energy independent of 
the thickness. 

In [6] Bhattacharya, Fonseca and Francfort examine, among other, the asymptotic behavior of a 
bilayer thin film allowing for the possibility of a debonding at the interface, but penalizing it postulating 
an interfacial energy which scales as the overall thickness of the film to some exponent. Thus the energy 
they consider consists of the elastic energy of the two layers and the interfacial energy with penalized 
debonding. 

In this paper we deal with thin films connected by a hyperplane (sieve plane) through a periodically 
distributed contact zone. Thus we see the debonding as the effect of the weak interaction of the two thin 
films through this contact zone and we recover the interfacial energy term by a limit procedure. 

Since we are mainly interested in describing the interaction phenomenon due to the presence of 
the sieve, we make a simplification choosing two thin films having the same elastic properties (for a 
generalization to the case of two different materials interacting, we refer the reader to [2]). 

Consider a nonlinear clastic n-dimensional bilayer thin film of thickness 28 with layers connected 
through (n — l)-dimensional balls B^ 1 (x\ ) centered in x\ := is, i € Z n_1 and with radius r > 0. Thus 
the investigated elastic body occupies the reference configuration parametrized as 

n s E r := u +s U uj- s U (u e>T x {0}) 

where ui is a bounded open subset of R" _1 , uj +s := ui x (0,6), uj~ s := ui x (—5,0) and u e _ r := 
\Ji&^ B^\xt) n u (see Figure 1). 

In the nonlinear membrane theory setting the (scaled) elastic energy associated to the material mod- 
elled by r is given by 

\ [ W(Du)dx, (1.1) 



2 



N. ANSINI, J.-F. BABADJIAN & C. I. ZEPPIERI 




Figure 1. The domain Of 

where u : Of r — > M m is the deformation field and W is the stored energy density. 

The T-convergence approach has been used successfully in recent years to rigorously obtain limit 
models for various dimensional reductional problems (see for example [7, 12, 13, 23, 29]). 

In this paper we study the multiscale asymptotic behavior of (1.1) via T-convergence, as e, 5 and r 
tend to zero, assuming that 5 = 5(e), r — r(e,5) and where W : M. mxn — > [0, +oo) is a Borel function 
satisfying a growth condition of order p, with 1 < p < n — 1. The case p = n — 1 requires a further 
appropriate analysis and it cannot be easily derived from p < n — 1 by slight changes. Unfortunately, 
three dimensional linearized elasticity falls into this framework. 

Since the sieve (lu \ uo E . r ) X {0} is not a part of the domain Of r , for any fixed e, 5, r > we have no 
information on the admissible deformation across part of the mid-section u> x {0}. This possible lack of 
regularity might produce, in the limit, the above mentioned dcbonding and correspondingly an interfacial 
energy depending on the jump of the limit deformation. Moreover, we expect that this interfacial energy 
will depend on the scaling of the radius of the connecting zones with respect to the period of their 
distribution and the thickness of the thin film. 

The cases 5=1 and 5 = e have been studied by Ansini [2] who proved that, to recover a non trivial 
limit model; i.e., to obtain a limit model remembering the presence of the sieve, the meaningful radius 
(or critical size) of the contact zones must be of order eC™ -1 )/^™ - ?) and £ n /(™~p) ; respectively. In fact 
a different choice should lead in the limit to two decoupled problems (if r tends to zero faster than 
the critical size) or to the same result that is obtained without the presence of connecting zones in the 
mid-section (if r tends to zero more slowly than the critical size). 

The proofs of the T-convergence results in [2] (see Theorems 3.2 and 8.2 therein) are based on a 
technical lemma ([2], Lemma 3.4) that allows to modify a sequence of deformations u e with equi-bounded 
energy, on a suitable n-dimensional spherical annuli surrounding the balls B^^ l (x £ i ) without essentially 
changing their energies, and to study the behavior of the energies along the new modified sequence. 
Both in the case 5=1 and 5 = e the r-limite consist of three terms. The first two terms represent 
the contribution of the new sequence far from the balls B"^ 1 (xf); more precisely, they are the r-limits 
of two problems defined separately on the upper and lower part (with respect to the 'sieve plane') of 
the considered domain. The third term describes the contribution near the balls B™~ (xf) through a 
nonlinear capacitary-type formula that is the same for both 5 = 1 and 5 = e. The equality of the two 
formulas is due to the fact that the radii of the annuli suitably chosen to separate the two contributions 
are less than ce, with c an arbitrary small positive constant. In fact as a consequence, all constructions 
can be performed in the interior of the domain, and the same procedure yielding the nonlinear capacitary- 
type formula, applies for 5=1 and for 5 = e as well. The cases e ~ 5 and e -C 5 can be treated in the 
same way. 

This approach follows the method introduced by Ansini-Braides in [3, 4] where the asymptotic behavior 
of periodically perforated nonlinear domains has been studied; in particular, Lemma 3.4 in [2] is a suitable 
variant, for the sieve problem, of Lemma 3.1 in [3]. 



THE NEUMANN SIEVE PROBLEM AND DIMENSIONAL REDUCTION 



3 



For other problems related to this subject, we refer the reader to Attouch-Damlamian-Murat-Picard 
[21], [24], [25], Attouch-Picard [5], Conca [16, 17, 18], Del Vecchio [22] and Sanchcz-Palencia [27, 26, 28], 
among others. 

In this paper we focus our attention on the case 5 = 5(e) -C e. As in [2], we expect the existence 
of a critical radius r = r(e, S) <C e for which the limit model is nontrivial but now we expect also to 
find different limit regimes depending on the mutual vanishing rate of r and 8. Moreover Lemma 3.4 in 
[2] cannot be directly applied to our setting since the spherical annuli surrounding the connecting zones 
B" _1 (xf ) as above, are well contained in a strip of thickness ce but not in fi* (5 -C e). However, we are 
able to modify Lemma 3.4 in [2] by considering, instead of spherical annuli, suitable cylindrical annuli of 
thickness of order 8 (see Lemma 4.2 and Lemma 4.4). 

As a consequence, also in this case the asymptotic analysis of (1.1) as e, 8 and r tend to zero can 
be carried on studying separately the energy contributions far from and close to B" _1 (xf); we get three 
terms in the limit. The first two terms still describe the contribution 'far' from the connecting zones; 
i.e., they are the T-limits of the two dimensional reduction problems defined by 

i / W{Du)dx, i / W(Du)dx; 

Ju>+ S Jul- 8 

while the third term, arising in the limit from the energy contribution close to the connecting zones, 
represents the asymptotic memory of the sieve: it is the above mentioned interfacial energy. 

The main results of this paper are stated in Theorem 3.3 and Theorem 3.6. In Theorem 3.3 we 
prove a T-convergence result for the sequence of functionals (1.1) while in Theorem 3.6 we give an 
explicit characterization of the interfacial energy term occurring in the T-limit. More precisely, for every 
sequence (ej) converging to zero, we set Sj :— 5(ej), rj := r(ej,Sj), flj := ^l%, rj and 



Up to subsequence we can define 



\- ( W(Du)dx ifueW lj, (fij-;] 

>3 JQi 



+oo otherwise . 



£:= lim ■/ and g(F) := lim r? Q n W [r^ 1 F) . 

where Q n W is the n-quasiconvexification of W. 
If t G (0, +oo] and 

n — l—p 

< R W := lim J " , < +oo, 

then (Tj) T-converges to 

jrW(u+,u-)= f Q n - 1 W{D a u+)dx a + ( Q n - 1 W{D a u-)dx a +R^ f tp^ (u+ - u~) dx a 

on W 1 ' p (w;R m ) x W 1 ' p (w,M m ) with respect to the convergence introduced in Definition 3.1, where 
W(F) := mi{W(F\z) : z G R m }, Q n -iW is the (n - l)-quasiconvexification of W and tp^ : R m -> 
[0, +oo) is a locally Lipschitz continuous function for any I G [0, +oo]. Similarly, if I = and 

< R (0) := lim r < +oo, 

then we still have T-convergence, as above, to 

(«+,«-)= f Q n - 1 W(D a u+)dx a + ( Q n - 1 W{D a u-)dx a + R^ f ^°\u+ - u~) dx a 

J OJ J OJ J OJ 

on W 1 ' p (u;;R m ) x W^{uj- W n ). 

For any £ G [0, +oo], <p^ is described by the following nonlinear capacitary-type formulas: 
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(1) if £ = +00, then 

<pt°°\z) = infjjf i (Q n -ig{D a Q + ) + Q n -ig{D a Q-)) dx a : c ± el^T" 1 ;^), 

C+ = C in B^-\0), G L p (M"- 1 ;E mx ("- 1 )), 

(( + -2),r6L J, *(K n - 1 ;R m )J, 

where again, := mf{g{F\z) : z G R m } and Q n -ig is the (n — l)-quasiconvexification of g, 

(2) if £ = 0, then 

^ (0) W - inf| / .9(^0^: Ce<c P ( Rn \Ci.oo;R m ), DCeL p (K n \Ci, 00 ;M mxn ) ) 

[ JR"\Ci, ( 



C-z6L p (0,+oo;L p (M™ , R" 1 )) and ( G L p (—co, 0; L p (R™ ; R m ))| , 
(3) if ^ G (0,+oo), then 

<pW(z) = mil f g(D a (\£D n () dx:(e Wj£ ((R"" 1 x (-1, 1)) \ C 1>00 ;R m ), 

[ ■/M"- 1 x(-l,l) 

DCel^R™" 1 x (-1,1); R m ), C-^ei p ((0,l);i p *(R" _1 ;R m )) 

C G L p ((-l,0);L p *(R n - 1 ;R m ))| , 

where Ci iCXJ := {{x a ,0) G M™ : 1 < |x a |}. 

Before giving a brief heuristic description of each regime, we want to point out that whatever the value 
of I is, the interfacial energy density ipW corresponds to a cohesive interface where the surface energy 
increases continuously from zero with the jump in the deformation across the interface. 

(1) The case I — +00 corresponds to 5j -C rj -C £j, thus we expect r,j to depend only on ej. In 
this case we have a separation of scales effect. We first consider rj and ej as 'fixed' and let Sj tend 
to zero as if we were dealing with two pure dimensional reduction problems stated separately on the 
upper and lower part (with respect to the sieve plane) of flj . Then this first limit procedure yields two 
functional being both a copy of the functional in [23] . Since the two corresponding limit deformations 
u + and u~ must match inside each connecting zone, the above two terms are not completely decoupled. 
We are then in a situation quite similar to that of [3, 4], except that here both periodically 'perforated' 
(n — l)-dimensional bodies are linked each other through the 'perforations'; i.e., through the holes of the 
sieve and not through the sieve itself. Thus it is coherent to find a critical size of order e(™ _1 )/(™ _1_ p). 
Moreover this strong separation between the phenomena of dimension reduction and 'perforation' leads 
to anisotropy as it can be seen, for instance, also by an inspection of the proof of Lemma 6.2 which shows 
that the extra interfacial energy term appears thanks to suitable dilatations having a different scaling in 
the in-plane and transverse variables. Finally we note that the formula for tp^ 00 ^ is given in terms of a 
'Le Dret-Raoult type' functional involving the limit of the right capacitary scaling (that is, involving the 
function g). 

(2) The case £ = corresponds to rj <C Sj <C Sj. In this case we expect that the critical size rj 
depends on both Sj and Ej. Indeed, as already pointed out, rj is of order Sj' l<<n ~ p ^ 'e^™ -1 ' '' ^" p \ Note 
that for Sj = Sj we recover that is the critical size obtained in [2]; moreover ip^> turns out to 
coincide with the function ip in [2] (see Remark 7.13). Contrary to the previous case, now the isotropy is 
preserved in fact here the dimensional reduction and 'perforation' processes are not completely decoupled: 



THE NEUMANN SIEVE PROBLEM AND DIMENSIONAL REDUCTION 



5 



the reduction parameter Sj is forced between both parameters rj and Ej . This can be seen also by noticing 
that now the scaling leading to the intcrfacial energy is the same in every direction (see for instance the 
proof of the T-limsup inequality). Moreover now in tp^ the reduction procedure is not explicit but only 
witnessed by the boundary conditions expressed only on the lateral part of the boundary of the considered 
domain. 

(3) The case I £ (0, +oo) corresponds to rj ~ Sj <C £j. In this case the separation of scales effect does 
not take place and the two previous scalings turn out to be equivalent (R^ = £R^°°'>). Moreover we 
find that the interfacial energy is continuous with respect to £ in the extreme regimes; i.e., R^(p^\z) —* 
R(°°)<p(°°Xz) as £ -> +oo and ->■ i?(°V°)(z) as I ->■ 0. Finally as in the previous case, the 

lateral boundary conditions are the only mean describing the dimensional reduction phenomenon in the 
procedure leading to ip( e \ 

This paper is organized as follows: after recalling some useful notation in Section 2, we state the main 
results, Theorem 3.3 and Theorem 3.6, in Section 3. Then, in Section 4 we list some auxiliary results 
as rescaled Poincare type inequalities and joining lemmas. Section 5 is devoted to give a preliminary 
definition of the interfacial energy density as limit of minimum problems. In Section 6 we prove the 
T-convergence result (Theorem 3.3). It is only in Section 7 that we compute the explicit expression of 
the interfacial energy density for each regime (Theorem 3.6). 

2. Notation 

Given x £ R", we set x — (x ai x n ) where x a :— (x\, . . . , x n -\) is the in-plane variable and D a :— 
(dx7' ■ ■ ■ ' dx 9 i ) ( res P- D n ) the derivative with respect to x a (resp. x n ). 

The notation R mx ™ stands for the set of to x n real matrices. Given a matrix F £ R mx ™, we write 
F = (F\F n ) where F= (F u . . . , F„_i) and denotes the i-th column of F, KKnandFe R mx(n-i)_ 

The Lebesgue measure in 1" will be denoted by C n and the Hausdorff (n — l)-dimensional measure 
by W n_1 . Let A be an open subset of M. d (d = n — 1, d = n). If s G [1, +oo], we use standard notation 
for Lebesgue and Sobolev spaces L S (A; R m ) and W^ S (A; R m ). 

Let u) be a bounded open subset of M™ -1 and / = (—1, 1), we define fl := w x I. In the sequel, we will 
identify L s (u;;R m ) (resp. W 1 ' 3 ^; R" 1 )) with the space of functions v E L s (fl;R m ) (resp. W Al ' s (0; R" 1 )) 
such that D n v = in the sense of distribution. 

For every (a, b) C R with a < b and q 1 ,q 2 > 1, L qi (a, b; L q2 (R^ -1 ); R" 1 )) is the space of measurable 
TO-vectorial functions ( such that 
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j (^J i \({x a ,x n )\ q2 dx a ^j dx n <+oo 



Let a £ R rl_1 and p > 0, we denote by B^ 1 (a) the open ball of R" _1 of center a and radius p and by 
<3" _1 (a) the open cube of R" _1 with center a and length side p. We write -B" -1 instead of i?p l_1 (0) not 
to overburden notation. Let x\ — is with i £ Z n_1 , we set Q^J 1 := Q"~ 1 (xf). 

We define U +a := U x (0, a) and U~ a := U x (-a, 0) with U C R"" 1 and a > 0, while if a = 1, then 
U+ = U +1 and U~ = U~ l . 

We set Ci i0O := {(x a ,0) £ 1" : 1 < |x Q |} and C liN := {(x a ,0) £ R" : 1 < \x a \ < N} for every N > 1. 

Let p > 1, we denote by Cap p (i?" _1 ; A) the p-capacity of i3™ _1 with respect to A C R d : 



Ca Pp (B™- 1 ; A) = inf |y I^V-r ^ : ^ 6 VF ^ P (A) and V = 1 on B^ 1 

The letter c will stand for a generic strictly-positive constant which may vary from line to line and 
expression to expression within the same formula. 

3. Statements of the main results 



Since we are going to work with varying domains, we have to precise the meaning of 'converging sequences'. 
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Definition 3.1. Let % = Uw _f s U (av^ x {0})- Giuefi a sequence (uj) C W^fij-; R m ), we 
define Uj(x ai x n ) :— Uj(x ai 8j x n ). We say that (uj) converges (resp. converges weakly) to (u + ,u~) e 
W x ' p (uj; R m ) x W x ' p {uj; M m ) if we have 



u 



M 3 | w +^w + m L p (u + ;M m ) {resp. weakly in W 1 ' p (u + ;W n )), 
u- in L p {uj-;R m ) (resp. weakly in W x - p {uj~ ;R" 1 )). 



Uj := uj\ u - 
Similarly if we replace flj by u ±Sj . 

We say that the sequence (\Duj\ p /5j) is equi-integrable on uj ±Sj if (| (D a Uj\ j-D n Uj) \ P ) is equi- 
integrable on . 

Remark 3.2. By virtue of Definition 3.1, a sequence (uj) C W 1 ' p (Clj;W m ) converges to (u + ,u~) e 
W^ p (uj;R m ) x W^ p {uj;R m ) if and only if 

lim — / \ Uj -u ± \ p dx = 0, (3.1) 
i->+oo dj 

while (3.1) and 

i /' /' / i \ • 

(3.2) 









p 


/ 


^D a Uj 




dx < +oo 











imply the weak convergence. 

Note that Remark 3.2 is still valid if we consider the domain ui +Sj U u~ Sj in place of Qj. 
The main results of this paper are the following: 

Theorem 3.3 (r-convergence) . Let 1 < p < n — 1. Let uj be a bounded open subset ofW 1 ^ 1 satisfying 
Ti n ~ 1 (duj) = and W : R mx ™ — > [0, +oo) be a B or el function such that W(0) — and satisfying a growth 
condition of order p : there exists a constant [3 > such that 

<W(F) <[3(\F\ P + 1), for every F E M mxn . (3.3) 

Let (sj), (Sj) and (rj) be sequences of strictly positive numbers converging to zero such that 

lim -?-=0 

j—y+oo £j 

and set 

£:= lim r -f. 

j^+co Sj 

If 

r n-l-p 

t £ (0, +oo], and < i? (£) := lim 3 , < +oo 

or 

£ = 0, and < i? (0) := lim —± T < +oo , 

i/ien, to an extraction, the sequence of functionals Tj : L p (flj-,R m ) — > [0, +oo] defined by 

I- [ W(Du)dx ifueW^iSljiW"), 
>.i Jn, 



Fj{u) := { 

T -converges to 



+oo otherwise 



?W(u + ,u-) = f Q n - 1 W(D a u+)dx a + f Q n _ 1 W{D a u-)dx a +R^ f ^ e) (u+ - u~) dx a 

Jlu J u Juj 

on W 1 ' p (ui;R m )xW 1 ' p (uj;R m ) with respect to the convergence introduced in Definition 3.1, where W(F) := 
inf{W(F\z) : z e R m }, Q n -iW is the (n - l)-quasiconvexification of W and ip^ : R m — > [0, +oo) is a 
locally Lipschitz continuous function for any I € [0, +oo]. 
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Remark 3.4. Note that if i G (0, +oo] the only meaningful scaling for rj is that of order ej™ r> ^ n 1 
i.e., for both = and i?W = +oo we loose the asymptotic memory of the sieve. In fact, if R^ = 0, 
we obtain two uncoupled problems in the limit, while if R^ = +oo, limit deformations (u + ,u~) with 
finite energy are continuous across the mid-section (u + = u~ in lo) as in Le Dret-Raoult [23]. Similarly, 
for £ = 0. 

Remark 3.5. If I G (0, +oo) then 

r n-l-p r n-p 

< R {1) = lim -i =- < +oo if and only if < i? (0) = lim T < +oo ; 

hence, in this case the two meaningful scalings are equivalent. 

The following result provides a characterization of the interfacial energy density tp^ for each I G [0, +oo]. 

Theorem 3.6 (Representation formulas). Let p* = (n — l)p/(n — 1 — p) be the Sobolev exponent in 
dimension (n — 1). Then, upon extracting a subsequence, there exists the limit 

g(F):= lim r^QnWir^F), 

for all F G R mx ™, where Q n W denotes the n-quasiconvexification ofW, so that: 
if I G (0,+co), 

<pW(z) := infl f g(D a (\eD n () dx : ( G ^((K"" 1 x I)\C hoo ;R m ), 

{ J(R"- 1 x/)\Ci, 00 

DC, G L P ((M™ _1 x I)\C hoo ;R mxn ), (-ze L p (0, 1; V* (M"" 1 ; R" 1 )) 

C G L p (-l,0;L I, *(R n - 1 ;R m )) 1; 



if £ = +oo 



inf | jf i (Q„_ 1 ff( J D Q C + ) + Cn-is(A«C)) dx Q : C ± G ^(M"" 1 ; R m ), 

C+ = C in B™-\ E L J, (M"- 1 ;IR mx ( n - 1 )), 

(C + -«),C" GL p *(M n - 1 ;M ro )|, 

w/iere g(F) := inf{g(F\z) : z G M 171 } cmd Q n -i9 is the (n — l)-quasiconvexification ofg; 
if 1 = 

<p<-°\z) = infl/ g(DQdx: ( € W?*(R n \C hoo ;R m ), 5( £ L p (l" \C 1 , 00 ;l mX11 ), 

[ JR"\Ci i00 

C-ze L p (0,+oo;L p *(R T, - 1 ;R ,n )) ) C e L p (-oo,0;L p *(R"- 1 ;R ro ))| , 

/or a// z £ R m . 



Remark 3.7. Without loss of generality we may assume that W is quasiconvex (upon first relaxing the 
energy); hence, by (3.3), W satisfies the following p-Lipschitz condition (see e.g. [19]): 

\W{F{) - W(F 2 )\ < c(l + l-Fil^- 1 + iFal^- 1 )!^ - F 2 |, for all F u F 2 G M mx ™ . (3.4) 
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4. Preliminary results 

4.1. Some rescaled Poincare Inequalities. Since we deal with varying domains, depending on differ- 
ent parameters, it is useful to note how the constant in Poincare type inequalities rescale with respect to 
such parameters. 

Lemma 4.1. Let A be an open bounded and connected subset o/M™ -1 with Lipschitz boundary and let 
A p := pA for p > 0. 

(i) There exists a constant c > (depending only on (A, n,p) ) such that for every p,S > 

[ \u-u A ±s\ p dx < c [ (p p \D a u\ p + 8 p \D n u\ p ) dx, 

for every u £ W 1,P {A^ S ;W n ) where u A ±s = j- A ±s udx. 

(ii) If B is an open and connected subset of A with Lipschitz boundary and B p := pB then there exists 
a constant c > (depending only on (A, B, n,p) ) such that for every p, S > 



/ \u-u R ±s\ p dx<c [ (p p \D a u\ p + S p \D n u\ p ) dx, 
JaV p Ja±> 



for every u G W 1 ' P {A^ S ; W" 1 ) where u B ±s = j~ B ±s udx. 

Proof. Let us define v(x a ,x n ) :— u(px a ,Sx n ) then v £ W 1 ' P (A ± ; R m ). By a change of variable, we get 
that u A ±s = Va±- Moreover, by the Poincare Inequality there exists a constant c = c(A,n,p) > such 
that 



\v - v A ±\ p dy 

lAf 6 "" JA± 



< cSp"- 1 { \Dv\ p dy 
Ja± 

= c [ (p p \D a u\ p + S p \D n u\ p ) dx 

JAf 5 

and it completes the proof of (i). Now, if B p C A p , we get that 



\u — u R ±s \ p dx 



< C (J ^ \u -u A ±s\ p dx + Sp n - 1 H n -\A)\u A ±s -u B ±s\ P ) 

< c [ \u - u.±s \ p dx + c^- — 5-7^7 ( f \u - u A ±s \ p dx + [ \u — u R ±s \ p dx | 
" J Af° p n n -^(B) \J B ±s K J B ±s B p J 

< c f (p p \D a u\ p + S p \D n u\ p ) dx. 

□ 



4.2. A joining lemma on varying domains. If not otherwise specified, in all what follows the con- 
vergence of a sequence of functions has to be intended in the sense of Definition 3.1. 

The following lemma, is the key tool in the proof of Theorem 3.3. It is a technical result which allows 
to modify sequences of functions 'near ' the sets Br] 1 ^{x^). It is very close in spirit to Lemma 3.4 in [2] 
although now the geometry of the problem yields a different construction involving suitable cylindrical 
(instead of spherical) annuli to surround the connecting zones. 
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Lemma 4.2. Let (sj), (Sj) be sequences of strictly positive numbers converging to and such that Sj <C Sj. 
Let (uj) C W 1>p (<jj +S i U^;M ra ) be a sequence converging to (u + ,u~) G W 1 ' p (co;W m ) x W 1 ' p (co;W m ) 
satisfying supj !Fj(uj) < +oo; let k G N. Set pj = jSj with 7 < 1/2 and 

Zj := {i G Z™- 1 : dist^H" -1 \w) > £j}. 

-For every i G Zj, i/iere exists ki G {0, . . . , fc — 1} sztc/i i/iai having set 

C) := {x a G w : 2- ki ~ 1 p j < \x a - x^\ < 2~ ki Pj} , 



and 

3. 



f ==/ + „ (4-1) 



4 == T ^ ' 



i/iere exists a sequence (wj) G VF 1 ' p (a> +(5i Uw Si ;K m ) weakly converging to (u + ,u ) such that 

Wj = Uj m ( W \ [J q) ±5j , (4.2) 



= uf on (aBV 1 ^))^' (4-3) 



j - j 



and satisfying 

If c 

limsup — / \W(Dwj) - W{Duj)\dx < - . 
j^+oo 0j k 

Proof. For every j G N, i G Zj, k G N and ft, G {0, . . . , k - 1}, we define 

Cf := {x a£W : 2-' l - 1 p J < |*a - *V I < 2" h ft -} , 

J (c ,,h ) ±s j 



(4-4) 



, (c ,, ft) 

and 



fix 



:=VVj. (4.5) 



Let = (f>j h G C~(Cj'' 1 ; [0, 1]) be a cut-off function such that <j> = 1 on dB n -^{xl 3 ) and |L> Q 0| < c/pj'' 1 
In (C*'' 1 )^, we set 



h (x) := 4>(x a )(u l j ' h ) ± + (1 - <j>{x a ))uj, 

then 

/ |£>«,f|*<fc < c/ UD^Uj-iuf^ + ^Uj^dx 



U. _ ( u hh\±ip \ 



/ f 1 



'3 

(p; h ) p 



Applying Lemma 4.1 (i), with p = p l -' h and A p = C % - h ' , we have that 



f \Dwf\ p dx 

< cj^ ±Sj [\D aU j\ p + (^Y\D n Uj\j dx + cj^ ±Sj \Duj\ p dx 

< mj(k,j)c / \Duj\ p dx, (4.6) 
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Figure 2. The (n — l)-dimensional annuli C] . 

where by (4.5) 

m,(fe, 7 ) :=ma x{l,(^) P (|) P } 
and since 8j <C £j, m,j(k, r f) — ► 1 as j — > +oo. As 

E / h+5 (i + i^n^< / e . (l+i^-if ds, 

there exists fc, S {0, . . . , fe — 1} such that, having set C] := C*' fel , we get 

/ (l + i^n^^ \ [ {i+\D Uj \v)dx. 

J(C]) ±S i k J b?-"- s 

Hence, if we define the sequence 

' w*' k ' in (Cj) ± ^ for i 6 Z. } 



Wj :- 



ij otherwise , 



by the p-growth condition (3.3), (4.6), (4.7) and Remark 3.2 we have 

i/ \W{D Wj )-W(Duj)\dx = V i / I Wptu*'**) - W(Dit 3 -)Ua; 

0j y w ±5 i ,t^. d J J(C*) ±s i 



ieZj 



< y mj(fe, 7) [ 1 + sup — / \Duj\ p dx) 
k \ jeN dj J w ±Sj J 



ex.. . 
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which concludes the proof of (4.4). Note that, by construction, (vjj) satisfies (4.2) and (4.3) and it 
converges weakly to (u + ,u~). In fact, 

1/ Iwj-u^dx = 1W \<j>uf + (l-cj>)uj-u ± \ p dx 

Oj J w ±6j Oj J(C)) ±s i 



+ -!- / \uj - u^fdx 



< / \ Uj -u^dx+^Y. I ±6 \u -ufY>dx, 



(4.8) 



while by Lemma 4.1 (i) applied with p = p l - and since Sj <C Ej, pj < Ej, we get 

1 / \ Wj -u±\ p dx<^ f \u -u±\vdx + cs^ f \Duj\vdx. 

Oj Ju, ±5 o Oj y w ±«i dj J u ±Si 

Moreover by (4.6) we have 

1 f \Dwjfdx<y [ \Dujfdx. (4.9) 

Oj J W ±S 3 Oj J w ±Sj 

Hence (4.8), (4.9), the convergence of (uj) towards (u + , u~), sup^ j- J u ±s } \Duj\ p dx < +oo together with 
Remark 3.2 imply the weak convergence of (iVj) towards (u + ,u~). □ 



Remark 4.3. Note that to prove Lemma 4.2 we essentially use that pj < Ej/2 (but not necessarily equal 
to 7£j) and \mij^ +00 (Sj / pj) — 0. Hence, Lemma 4.2 is still true if we replace the assumptions 5j -C Ej 
and pj = -fEj by pj < Ej/2 and \iuij^ +00 (Sj / pj) = 0. 

Since we will apply Lemma 4.2 when pj = jSj (7 < 1/2) and Sj <C Ej, we prefer to prove it directly 
under these assumptions. 



If the sequence (\Duj\ p /Sj) is equi-integrable on ui ±Sj (sec Definition 3.1), then we do not have to 
choose for every i £ Zj a suitable annulus Cj but we may consider the same radius independently of i as 
the following lemma shows. 

Lemma 4.4. Let (uj), (Ej), (Sj), (pj) and Zj be as in Lemma 4.2 and suppose that (\Duj\ p /Sj) is 
equi-integrable on uj ±Sj . Set 

C\ := I x a € uj : \pi < \x a — X4 3 1 < -p,- 1 and u 1 ? 1 := -I Uj dx 
3 I 3 3 J ) 3 J(ci) ±5 o 

for every i 6 Zj. Then, there exists a sequence (wj) C W 1 - p (ui +Sj Uw" s »;l m ) weakly converging to 
(u + ,u~) such that 

Wj =Uj m (u\\J C]) ±S \ (4.10) 

ieZj 

Wj=uf on {dB n p ;\xl i )) ±5i (4.11) 

and 

limsup-^ f \W(D W j) -W(Duj)\dx < o(l) as 7 -> 0+ . (4.12) 

Moreover, the sequence (\Duij\ p / Sj) is equi-integrable on uj ±Sj . 

Proof. Let 4> = (j>) e C~(Cj; [0, 1]) be a cut-off function such that = 1 on dB^- 1 {x\ i ) and \D a <f>\ < c/ Pj . 
In (C)) ±5 i, we define 

w) := <j)(x a )uf + (1 - 4>(x a ))uj. 



12 



N. ANSINI, J.-F. BABADJIAN fc C. I. ZEPPIERI 



Then, reasoning as in the proof of Lemma 4.2, we have that 

/ W{Dw])dx<c( (l + \D Uj ndx. 



Hence, if we define 



w) in {C)) ±s i for i e Z h 
Uj otherwise, 



Wj satisfies (4.10) and (4.11). Moreover, 



±- [ \W(D Wj )-W(D Uj )\dx < Y,tI + s \W(Dwi)-W(D Uj )\dx 

< [ (i+\D Uj ndx. 



Since #(Zj) < c/e™ -1 , we get that 



and by the equi-integrability of (|Z?Wj | p /<^j) we obtain (4.12). Finally, the weak convergence of (wj) 
can be proved as in Lemma 4.2 while the equi-integrability of (\Dwj\ p /Sj) is just a consequence of the 
definition of (wj). □ 

5. A PRELIMINARY ANALYSIS OF THE ENERGY CONTRIBUTION 'CLOSE' TO THE CONNECTING ZONES 

For later references, in the following section we study the asymptotic behavior of a sequence of functions 
which will turn out to represent the energy contribution 'close' to the connecting zones. The results listed 
in this section will be applied in Section 6 to prove the T-convergence of (Tj) as well as in Section 7 to 
compute the explicit formula for tpW . 

Before starting, let us recall that we consider the domain Clj = uo +5i Uu -5 ' U (w rj)£j x {0}) where 
u r jt £j '■= UieZ"- 1 ^r _1 ( x i 3 ) ^ w - *-*ur T-convergence analysis deals with the case where the thickness Sj 
of Slj is much smaller than the period of distribution of the connecting zones Ej\ i.e., 

Si 

lim = . 

Moreover, we can exclude that Vj > Sj/2 otherwise the zones may overlap. More precisely, we assume 
that Tj -C Sj; i.e., 

lim ^ = 0. (5.1) 

j^ + OO £j 

This choice will be justify a posteriori since (5.1) will be the only admissible assumption to get a non 
trivial T-convergence result (see Remark 3.4). 

Finally, it remains to fix the behavior of Tj with respect to Sj . Let us define 

£:= lim ^. 

j^+oo Sj 

This yields to consider all the possible scenarii, namely to distinguish between the cases: I finite, infinite 
or zero. 

For any fixed t e [0, +oo], we consider the sequence of functions {<P~j) defined in (5.2) and (5.13). 
Propositions 5.1 and 5.2 establish the existence of the function ipW as the (locally uniform) limit of {<p^j) 
as j — > +oo and 7 — > + while Proposition 5.3 will allow us to prove that tpW is actually the interfacial 
energy density in (see e.g. Proposition 6.2). 
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X I 



Figure 3. The domain (B^.^ x I) \ C XnNj . 

5.1. The case I 6 (0, +oo]. Setting Nj = Sj/rj, we define the space 

X](z) := {C € W^{{B; n ] x /) \ C lnNj :R m ) : ( = z on (dB^)+, ( = on (dB^)-} 
where I = (— 1, 1) and we consider the following minimum problem 



^■(z):=inf<j / rfW^DaCl^nOda?: C € X/(z) } . (5.2) 

(- B "lV J 1></ )\ C 'l,T«j 



In the next proposition we study the behavior of (</^l) as j — > +oo and 7 — > + . 
Proposition 5.1. Let I e (0, +00]. // 

n— l— p 

< i? (£) := lim ^ r- < +00 (5.3) 

.j->+oo e^- 1 

then, 

(i) there exists a constant c > (independent of j and 7 J smc/i i/iai 

0<^](z)< C (|z^ + 7 "- 1 ) 

/or a// z e R m , j £ N and 7 > 0; 

(ii) there exists a constant c > (independent of j and j) such that 

W { "){z) - ^(w)\ <c\z-w\ ( 7 ("-DCp-i)/p + rP- 1 + \z\p- 1 + \w\p- 1 ) (5.4) 
for every z,w S R m , j GN and 7 > 0; 

(Hi) for every fixed 7 > 0, up to subsequences, converges locally uniformly on R" 1 to tp^ as 

j — ► +00 and 

|^(z) - ^ £) M| < c|z- w| ( 7 ("- 1 )(f- 1 )/f + \z\p- 1 + \w\v- 1 ) (5.5) 
for every z,w £ K m ; 

fiwj up fo subsequences, ip^ converges locally uniformly on R m , as 7 — » + ; £0 a continuous function 
<pW : R m -> [0, +00) satisfying 

< <p W (z) < c\z\p , ^{z) - ip {t \w)\ < c\z - w\(\z\p^ + \w\p- 1 ) (5.6) 

/or every z,w S R m . 

Proof. Fix 7 > 0, then 7 iVj > 2 for j large enough, 
(i) According to the p-growth condition (3.3), 

< ^(z) < (5 (C 7J (z) +n n - 1 (Br 1 h n - 1 4 L I^ J . (5-7) 
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where 



C 7 ,,(z) :=inf| f 

[J(B^xI)\C lnNj 



■iD n C 



dx: C G XV z) 



Since Cjj(z) is invariant by rotations, reasoning as in [2] Section 4.1, we can consider the minimization 
problem with respect to a particular class of scalar test functions as follows 



CM 
\z\p 



inf - 



(b;^xi)\c 1 ,- iN] 



-D n i> 



dx : ^W^p^x^d,^), 
^ = 1 on (as; l JVj 1 ) + and V = on (dB^ 1 )" j 



< infW i (lA^+F' + lAW'T)^: (V+ - 1) , V" G ^o' P (#^) 

and^ + =^ _ inBr _1 |- ( 5 - 8 ) 

Let ^ be the unique minimizer of the strictly convex minimization problem (5.8). It turns out that 
ip2 := 1 — ipf is also a minimizer. Thus by uniqueness, ipf = ipf and in particular, ipf = 1/2 in B\ 



■yn—l 



Hence, 



C 7ij (z) < \z\ 



'inf | f (\D a ^\P + \D a ^-\?)dx a : [ip + — 1) , ip~ £ Wq' p (B"J?), 



and ip + = V" = ;r in B\ 



n-l 



= 2|z| p inf | jf ^ i da; Q : V G W£' P (B^) and ^ = ^ in B" 

= tS inf | / n i \D a iP\ p dx a : ^E W*' P (B^) and V = 1 in 



2p- 



T Cap p (Br 1 ;S;^). 



(5.9) 



Since 



lim Cap^Br 1 ;^) =Cap p (Br 
hence, by (5.3), (5.7) and (5.9) we conclude the proof of (i). 



n— 1 . Tren — 1 



) < +oo; 



(ii) For every rj > 0, there exists C 7J G Xj(z) such that 

r? W (^A.Cy.il^nC™) & < ^)(z) + 



(5.10) 



We want to modify £ 7 j in order to get an admissible test function for ip^(w). More precisely, we just 
have to modify C 7J on a neighborhood of (9i?™^ 1 ) + to change the boundary condition z into w. To this 
aim we introduce a cut-off function 8 £ C^°(IR™ -1 ; [0, 1]), independent of x n , such that 

1 if x a £ B™- 1 , 
6{x a )={ and \D a 6\<c. 

if B™- 1 
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Hence, we define C-y,j e Xj(w) as follows 



Ci,j 



C 7>j + (1 - 6(x a ))(w - z) in (B; n ))+ 



Ci,J in (B^ 1 )" U (Br 1 x {0}) . 

By (5.10), since Cjj = £ 7 j in (-B"^ 1 )", we have that 



< rj 



/ (wir^D^lSfD^j) - W^D^jlS^DnCjj)) dx + r, 

/ (w^D^S^D^) - \\ {r, '/),,.•. , 5 j '/^..j) rfx + r? . 

J(B"- 1 )+ v 7 



By (3.4) and Holder's Inequality, we obtain that 



c 



1,3 



r J- n C 

°3 



p-1 



1,3 



DaCiJ ^aClJ r (.DnCl,j ^nCltj^) 



'3 

dx 



p-i 



c 



< c |z — w 



£>aC 7 



_1 n /■ . 



0| p da; a + cr?~ 1 |a!-ii;| / |£> a 0|da; a 



+2c|z- w\ \\D a 9\\ LP{Bn -i. m „ 



D C ■ -2-D C 

6 3 



p-1 

i p (( s ;« ) 1 ) + ; R " ,x ") 



Since 7_/Vj > 2 and Supp(6>) CB 2 " 1 , we obtain that 



<c|^-w| Iz-wl^ 1 +r^ x + 



i !) ((B"« 1 )+;K mx ") 



+ 77. (5.11) 



By the p-growth condition (3.3), (5.10) and (i), we have that 



1,3 



J-D C 



< / nl r?W(r7 1 £) a C 7 j|*7 1 I)„C 7 j)& + »fH n - 1 (B^ 1 ) 

J ( B -<N, ) + 



n-1 



n—l—p 



< c(|z|P + 7™- 1 )+r / + c 7 



n-l J 



n— 1— j> ' 



(5.12) 



Hence, by (5.11), (5.12) and (5.3) we have that 

<^-H - ip^iz) <c\z-w\ (\z\p~ 1 + \w\v- 1 + r^ 1 + ^-i)(p-i)/ P + ,,(p-i)/p) + 
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Figure 4. The domain {Bjf N 1) xlj)\ C lnNj . 

and (5.4) follows by the arbitrariness of r\. 

By (ii) and Ascoli-Arzela's Theorem we have that, up to subsequences, ip^j converges uniformly on 
compact sets of R m to ip^ as j — > +oo. Moreover, passing to the limit in (5.4) as j — > +oo we get 

i^h - < c \ Z - h(i*i p_1 + n p_l + 7 («- i )(p- i )/p) . 

Hence, we can apply again Ascoli-Arzela's Theorem to conclude that, up to subsequences, ip\ converges 
uniformly on compact sets of R m to <p"' as 7 — » + . In particular, ip^> : R m — > [0, +00) is a continuous 
function and 

w\ p 1 ) \z — u;| 

for every z,w £ R m . □ 

5.2. The case £ = 0. In this case we expect that the energy contribution due to the presence of the sieve 
is obtained studying the behavior, as j — > +00 and 7 — > + , of the sequence (</>l°]) defined as follows 

:= ^infj/ r^W^D^S^D^dx: (eX](z)\ 

T 3 { J (B^ 1 ] XI)\Ci,- i n ] J 

= inf J / tfWirfDQdx: C eY?(z)\ (5.13) 

[J(B^xI J )\C 1 ^ Nj J 

where /j := (Sj/rj,6j/rj) and 

C = 0on {dB^ N ))-^'^). 

Note that in this case we are interested in the limit behavior of a sequence that is obtained from the one 
corresponding to t £ (0, +00] multiplying it by Sj/rj (see (5.13) and recall (5.2)). Let us try to motivate 
this choice. 

Let £ £ (0, +00), then starting from (5.2) by a change of variable it is immediate to check that 

1 

<p%(z) = ? inf I I r? W{rfDQ dx : Q£ Y?(z) \ . (5.14) 

°i {J(B^ N 1 j y.i j )\c 1 ,- lN] ' J 

Now assuming that limj_ +00 r™~ p /{5j e" _1 ) < +00 (or equivalently that limj^ +oc r™ _1_p /£™ _1 < +00; 
see Remark 3.5) we know that the sequence [tpi , ■) converges to £(p^\ for some (p^\ locally uniformly 
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in R m , as j — ► +00 and 7 — > + (Proposition 5.1). Then if I £ (0, +00), studying the limit behavior of 
(5.13) is perfectly equivalent to study the limit behavior of (5.2). While if I = limj^ +00 rj/Sj = 0, (5.14) 
suggests that, to recover nontrivial information in the limit, we have to study the asymptotic behavior 
of the sequence obtained from (5.14) dividing it by rj/Sj, that is to study the asymptotic behavior of the 
sequence given by (5.13). 



Following the line of the proof of Proposition 5.1, we want to establish an analogous result for the 
sequence (v?l°i)- 



Proposition 5.2. Let £ = 0. If 



< i? (0) = lim J, < +00 (5.15) 

j->+°0 £. Sj 

then, 

(i) there exists a constant c > (independent of j and -f) such that 

V<^]{z)<c{\z\P + 1 n - 1 ) 

for all zeTj'eN and 7 > 0; 

(ii) there exists a constant c > (independent of j and j) such that 

\$]{z) - <4°-MI <c\z-w\ ( 7 ("- 1 )(p- 1 )/p + r^ 1 + \z\p- 1 + \w\p- 1 ) (5.16) 
for every z,w £ M. m , j £ N and 7 > 0; 

(in) for every fixed 7 > 7 up to subsequences, ip^l converges locally uniformly in M m to ip^ as 
j — ► +00, and 

\<fi { °\z) - <pM{w)\ <c\z- wlfrn-Vto-V/P + \z\p- 1 + \w\ p -^ (5.17) 

for every z,w £ K m ; 

(iv) up to subsequences, ip^ converges locally uniformly in W" 1 , as 7 — > + , to a continuous function 
^(0) . M m _> ^ +QO ) sat i s fyi n g 

0<p (o) (z)<c\z\p i \ip^(z)-ip^\w)\<c\z-w\(\z\ p - 1 + \w\ p - 1 ) (5.18) 

/or every z,w £ R m . 

Proof. Fix 7 > 0, then 7^ > 2 and Sj/rj > 2 for j large enough, 
(i) According to the p-growth condition (3.3), 

< <p<?Uz) < (3 C 7 ,,(z) + 2?T- 1 (Sr 1 )7 n - 1 , (5-19) 



where 



\ 3 J 

C 7J (z)=inf{/ |£>C| P ^: < €Y?(z)\ . 



Arguing similarly than in the proof of Proposition 5.1, we can rewrite 



zP 



= inf If m\P dx : i, £ W^P{{B r ; N ) x J,-) \ C hlNj ), 

[J(B^xI ] )\C 1 ,- lN] 

i> = 1 on {dB^)+^/ r ^ , V = on (dB^J^)~^^ I. (5.20) 



18 



N. ANSINI, J.-F. BABADJIAN fc C. I. ZEPPIERI 



Let tpi be the unique minimizcr of the strictly convex minimization problem (5.20). It turns out that 
ip2{x a ,x n ) := 1 — ipi(x a , —x n ) is also a minimizer. Thus by uniqueness, ipi = ip2 and in particular, 
ipi = 4>2 = 1/2 on B™- 1 x {0}. Thus 



C Jtj (z) = 2\z\"M\ f \D^dx: ^ G W^((B^)+^^), 

■<P = on {dB™ N ]) +{s il r ^ and V = \ on B^ 1 x {0}| 

2P [J(b;- 1 ,)+^^ 7 3 

V> = on (8B^)+^^ and tJj = 1 on S™" 1 x {0}| 

< ^Cap^Br^S^x/,). (5.21) 



Since 



hm^Cap^Br 1 ;^ 1 x /, ) = Cap p (S" _1 ; M") < +co ; 



urn oap„vr ,n - 1 - D " _1 ~ ' \ _ 'w 1 -^ 

J- 

hence, by (5.15), (5.19) and (5.21) we conclude the proof of (i). 



(ii) We can proceed as in the proof of Proposition 5.1 (ii) using a different cut-off function also 
depending on x n . Namely, let 9 G C£°(R n ; [0, 1]) be such that 

r 1 if (x^iJeBr 1 x (-1,1), 
9(x a ,x n ) = < and \D8\ < c. 

{ if (x^x^^B^ 1 x (-2,2) 

Hence, if C 7 ,j G Y^(z) is a sequence which 'almost attains' the infimum value <^°], we define C 7J G Yj{w) 
as follows 

| CrJ + (1 - 0{x)){w - z) in (B^)+^/^, 

By (5.15) we conclude the proof of (ii) reasoning as in the proof of Proposition 5.1 (ii). 

The proof of (hi) and (iv) follows the line of the proof of (hi) and (iv) in Proposition 5.1. □ 

Now we are able to describe the energy contribution close to the connecting zones as j — ► +oo and 
7 -> 0+ 

Proposition 5.3 (Discrete approximation of the interfacial energy). Let (uj) C W 1 ' p (Clj;W m )r\L' x (fljiW 71 ) 
be a sequence converging to (u + ,u~) G W 1,p (u); M. m ) x W 1 ' p (w,M m ) such that sup^ ■ Tj{uj) < +oo and 
satisfying sup jeN WujWl^^.^ < +oo. Let (uf 1 ) be as in (4.1). If 

r «-i-p 

I G (0, +oo| and < R (e) = lim 3 , < +oo 

or 

r "-p 

£ = and < i? (0) = lim T < +oo 



lim lim sup / 



for every £ G [0, +oo]. 



lim lim sup f I V ^]{uf - u}")Xq"- 1 - ^ l \ u+ ~ u ~) dx a = , (5.22) 
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Proof. Since sup JgN ||L°°(Q j: R™) < +°° by Propositions 5.1 or 5.2 we have that 



limsup f I vSK + - u ) )Xq- 1 - V {l \u + - u ) 

< lim sup / ^ I ^ - U j- ) - ^ {uf - uf ) x , dx a 
+ lim sup / ^ <P W (uf ~ u f)x Q — 1 - (p W (u + - u~) 

< o(l) + limsup f I V W (uf - ^")Xq"- 1 - - «") 



as 7 — > + . By (5.6) or (5.18) and Holder's Inequality we have that 



limsup / I J2 <P W (uf - «j )Xq— 1 - - " ) 

= limsup V / |^) (u^- -«*.-)- ^(u-^-u-) | da; a 
< climsup(^ / i |uj+ + -u-| p (ix Q ) 1/P . 



Hence, it remains to prove that 



lim sup V / |u ± - uf \ p dx a =0. (5.23) 
^ ] ^7f 

By Lemma 4.1 (ii) applied with p = £j, B p = C* and A p = <Q"~ and since £j <C ej, we have 
/ | w ± - uf \ p dx a < 4- ( I \ u o ~u ± \ p dx+ ( \ Uj - uf \ p dx) 



c f . cs'. 



< — \u j -u ± \ p dx + — ^ / |L>u 3 | p dx, (5.24) 



5 j Aqit 1 )^ ^' ■ / W7 1 ) ± ^ 



for all i £ Zj; hence, summing up on i 6 Zj , we find 

Y I \uj - uf \ p dx a < 4- I \uj -u ± \Pdx+^ ( \Du 3 \p dx , 

then passing to the limit as j — > +oo by the convergence of (uj) towards (u + , u~) and sup., Fj{uj) < +oo 
we get (5.23) and then (5.22). □ 



6. T- CONVERGENCE RESULT 

6.1. The liminf inequality. Let (uj) C W^O,-; R m ) n L°°(%]R m ) be a sequence converging to 
(u+,u-) e W^ p (LU,W n ) x W^ p (uj,R m ) such that sup jeN IMIl-^r™) < +oo and 

lim inf Tj (uj) < +oo . 

j—>+oo 
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By Lemma 4.2, for every fixed k e N, there exists a sequence (wj) C W 1 ' p {Q. j \ W n ) n L°° (% M m ) weakly 
converging to (m+,u~) satisfying (4.2), (4.3) and such that 

liminf^-f/ W(Du,)dx+[ W{D Uj )dx] 

> liminf-^-f/ W(D Wj )dx + [ W(D Wj )dx\-^ 

> liminf^f/ W(D Wj )dx+ [ W{D Wj )dx) 

+ " £ ( dx + L 7 *> w{Dwj) dx )-^ (6 - i} 

where Ej :=[J ieZj B^(x?). 

We first consider the energy contribution 'far' from the connecting zones. In this case, we suitably 
modify the sequence (wj) in order to get a constant inside each half cylinder ^(x^ 3 ) ±5j . Then, we 

apply the classical result of dimensional reduction proved in [23] to uj +Sj and u)~ Si , separately. 
Proposition 6.1. We have 



lim inf 



> 



-H / W{D Wj )dx+ f W(D Wj )dx 

f {Q n -iW{D a u+) + Q n ^W{D a u-)) dx a . 



Proof. We define 



Wj in (a; \ 

f in BV 1 « 3 ) ±53 if * e Zj. ^- 2 > 



3 

U 



(6.3) 



Then (vj) C IT lj >(%M m ) converges weakly to (u + ,u~). In fact, 

sup— f \Dvj -\ p dx < sup — / |£>u., | p efe < +oo. 

Moreover, since < pj < £j/2, then .B™ -1 ^; 3 ) C Q™" 1 ; hence, 

/ |« J --« ± | P die < / \w j -u ± \ p dx+'y f l^-uffdx 

and, by (5.24), we obtain that 

+ce P snpj- [ \D U] \ p dx. (6.4) 

j€N ^ A="j 

Passing to the limit as j — > +oo in (6.4), by (6.3) and Remark 3.2 we get that (vj) converges weakly to 
(u + ,u~). 
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Since W(0) = 0, by (6.2) and [23] Theorem 2, we have 



lim inf — 



+oo S 



I W{D Wj )dx+ [ W(D Wj )dx 

j \ J(Lu\E j ) + S 3 J(lo\E,)- s i 



lim inf — ( / 



= lim inf — 



j^+oc Sj \J LU + S j 



W{D Vj )dx 



W{D Vj )dx+ [ W(Dvj)dx 

J(u\Ej)- s J j 



W{D Vj )dx 



> f Q n -iW(D a u+)dx a + f Q n ^W(D a u-) 



□ 



Now let us deal with the contribution 'near' the connecting zones. We always work under the assump- 
tion 

r (n-l-p) 

I £ (0, +ool and < R {£) = lim — < +oo, 

or 



r («-p) 

£ = and < i? (0) = lim 



< +oo. 



In the following proposition we suitably modify (wj) in each surrounding cylinder in order to get an 
admissible test function for the minimum problem (5.2) or (5.13). 

Proposition 6.2. Let I E [0,+oo]. Then 

lim inf .If / W(D Wj )dx+ ( W(Dwj)dx) > R w ( (p {e) (u+ - u~) dx a + o(l) , 
as 7 — > + . 

Proof. Let t e (0, +oo], the case I = can be treated similarly. Let i e i?j and Nj = Since < 7^, 
we can define 

' Wj (x? + rj y a , Sj y n ) - u)r in (B^ x /) \ (7 liP « /r . 



C] := 



in (By\BV/ ) 

in (K^BV/ )", 

where iVj = e,/r,. Then Q e ^((B^ 1 x /) \ C li7jv , ; R m ), Cj = («}+ - u)r) on (as; l jVj 1 ) + and Q = 
on (dB™^) . Since VF(0) = 0, changing variable, by (5.2) we get 

' ; W(D Wj )dx+ f W{Dwj)dx\ 

p- / 



B\- 1 (x^) + 5 o 



r 



r 1 ( i w(r^D a q\8^D n q)dy + J w(r^D aCj \S^D n q) dy\ 

1 /" u (, '/), 1S ; <j: l r>„cj)dy 

(6.5) 
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Summing up in (6.5), for i e Zj, we get that 

.(! 

5 



Erf/ x «■ +4 W(D Wj )dx+ [ e W(Dwj) dx\ 

n — l—p 

n-l-p \T- „W („A+ _ - ,n-\,M ,„,i+ 



> rr 1 -* e <M + - «$-) = - w E *rvy>r - u D • (6-6) 

Passing to the limit as j — ► +oo we get, by (5.3) and Proposition 5.3, that 
liminf 1 ( / W(D^) + / W^-) dx ] 

> j v W{u + -u-)dx a 

dx c 



+RW liminf / (]T ^S(-} + - t*J-)X »-i - ¥> (< V - «")) 
= j <pW(u+ -u-)dx a +o{l), 

J Ul 



as 7 — > + , which completes the proof. □ 

We now prove the liminf inequality for any arbitrary converging sequence. 
Lemma 6.3. Let I G [0, +oo]. For every sequence (uj) converging to (u + ,u~) we have 

lim inf JF, (u 3 ) > / Q n - 1 W(D a u + ) dx a + / Q n -{W (D a u~) dx a 

3^+°° Jul Jul 

+RW [ V> W( U + -u~)dx a . 

J ul 

Proof. Let (uj) — > (u + ,u~) be such that liminfj^ +00 Tj{itj) < +oo. Reasoning as in [2] Proposition 
5.2, by [11] Lemma 3.5, upon passing to a subsequence, for every M > and r\ > 0, we have the existence 
of R M > M and of a Lipschitz function <& M G C c 1 (M m ;M m ) with Lip($ M ) = 1 such that 



$m{z) = 

and 



z if \z\ < R M , 
if \z\ > 2R M 



lim inf Tj {uj ) > lim inf Tj ($m (% ) ) — V ■ (6-7) 

j — > + oo j — >+oo 

Note that ($ M («,)) C W^ify; M m ) n L°°(%; R m ), sup jeN ||$m(%)||l~(^ ; r™) < #m and it converges 
to (<&m(u + ), $m( u ~)) as j — * +°°- Hence, if we apply (6.1), Propositions 6.1 and 6.2 to (<1>m(Wj)) in 
place of (uj), letting 7^0 and k — ► +00, we get that 

liminf^($ M (%)) > / Qn-iW(D a <S> M {u + ))dx a + [ Q n ^W{D a <S> M {u-)) dx a 

Jul Jul 

+R W I ^(<S> M (u+)-<S> M {u-))dx a . (6.8) 

J ul 

Moreover ^m^*) — u ± weakly in W 1,p (u>; W 11 ) as M — > +00; hence, by (6.7), (6.8), the lower semicon- 
tinuity of J Q n -\W{D ol u) dx a with respect to the weak W 1,p (uj\ R m )-convergence, and (5.6) we have 
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that 



lim inf Tj(iLj) 



> f Q n -iW(D a u+)dx a + f Q n _ 1 W{D a u-)dx a +R^ f ^ e) (u+ - u~) dx a - r? , (6.9) 

J UJ J UJ J UJ 

and by the arbitrariness of 77, the thesis. □ 

6.2. The limsup inequality. For every (u + ,u~) G W 1 ' p (u;,R m ) x W 1 ^^, R m ) the limsup inequality 
is obtained by suitably modifying the recovery sequences (uf) for the T-limits of 



-!- / W(Du)dx and -!- / W(Du)dx. 



Lemma 6.4. Let I G [0, +00] and let uj be an open bounded subset o/R™" 1 such that T-i n ~ 1 (doj) = 0. 
Then, for all (u + ,u~) G VK 1 ' p (u;,R m ) x W 1 ^^, R m ) and {or all r\ > there exists a sequence (Uj) G 
W 1,p {Slj] R m ) converging to (u + ,u~) such that 

lim sup T 3 ;(u 3 ■) < / Q n -iW(D a u + ) dx a + / Q n _ 1 W{D a u') dx a 

j^+oc Ju J uj 

+R W f cp W (u+ -u-)dx a +nR {l) n n - 1 (Lo). 

J uj 

Proof. The proof of the limsup is divided into three steps. We first construct a sequence (Uj) G 
W 1 ' p {ttj] R m ) that we expect to be a recovery sequence. In the second step we prove that (uj) con- 
verges to (u + ,u~). Finally, we prove that it satisfies the limsup inequality. We first deal with the case 
I G (0,+oo]. 

Step 1: Definition of a recovery sequence. Let m ± G T / F 1,p (o;; R m ) n L°°(uj; R m ). According 
to [23] Theorem 2 and [8] Theorem 1.1, there exist two sequences (uf) G Fy 1 'P(w ± ^;R m ) such that 
— > , the sequences of gradients (\Du^\ p /Sj) are equi-integrablc on uj ±5i , respectively, and 

lim -!- / W{Duf)dx = ( Q n ^ 1 W{D a u ± )dx a . (6.10) 

Moreover, using a truncation argument (as in [3] Lemma 6.1, Step 2) we may assume without loss of 
generality that 

sup\\uf\\ Lao , ±4j } < +00. 

Let Uj :— ujx u ,+ s j + u JXu,- s j e W 1 ' p (uj +S: > Uw _ii ;K m ) and let (wj) be the sequence obtained from (uj) 
as in Lemma 4.4, then sup jeN \\uij || i0 o( w ±^ . R m) < +°o- 

We first define (uj) 'far' from the connecting zones; i.e., 

±8j 



(w\ (J b;;^)) \ (6.11) 



Then we pass to define (uj) on each Bp~ 1 (x e i J ) ±Sj making a distinction between the indices i G and 
i€Z n - 1 \Z j . 



3 ' 

If i G Zj, by (5.2), for every 77 > there exists C, • G Xj(u* + - u*. _ ) such that 



'(B^x^XCi^iv,. 

Then, we define 
In particular, Uj = u 1 ^ = Wj on (9B™r 1 (x^ J )) 



^r-=C; d [^^,f)+ur ^ B^(x^, i€Zj. (6.13) 
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Let us now deal with the contact zones not well contained in w; i.e., with the indices i g Zj. For 
fixed 7 > and j large enough we have that ^Nj > 2. Let ip G W 1 ' P (B2~ 1 ; [0, 1]) be such that ip = 1 on 
dB™' 1 and ip = in and define 

f in (S^ 1 )" 

^j(x) := { ^(x Q ) in (i?r 1 )+ 

1 1 m (B; i JV ;\i?r 1 ) + . 

Then V 7>j G x /) \ C hjNj ;[0,l}), ^ = 1 on (as; l JVj 1 ) + and ^ 7ij = on (dB^)"- 

Let = WjX u ±'j, we extend both of them to the whole uj x (— 5j,Sj) by reflection; i.e., we define 

UK 



z (x a ,x n ) = wf(x a , —x n ) for x G w T(5j and wf(x) — wf(x) for x G w ±(5i . Hence, we define 



r 3 ' <*j 



fit + i - v. 



' 5 3 



(6.14) 



in (B™ 1 (x^ 3 )x(-(5 :) -, 5j))n% and fori G Z™ In particular, we have that Uj = Wj on 1 (x £ i J )x 

(Sjjj)) n % thus (uj) C W 1 *(n j -;K"')- 

Step 2: The sequence (uj) weakly converges to (u + ,u~). Let us check (3.1) and (3.2). We will 
only treat the upper cylinder u; +Sj , the lower part being analogous. First 



-I 

6 J J(u 



\uj — u + \ p dx 



°3 •'(<"'\U, 6 Z» 



P 7 1 (x^))+^ 



|iot -u+\ p dx 



1 ^JB^ix^+'l 



s 7 



dx 



0/ Q il .; Usr 



1 

< — 

" Si 



(W7+ -W-)+ W- 



dx 



■-Y 



X fy X ■ X f 



>1,3 



dx 



+ - 



(| W +| p + |fi7l P +| U + | p ) dx. 



(6.15) 



Since limj^+oo = and sup jeN \\wj \\ L oo( u ±'j . Rm ) < +oo, we have that 

(6.16) 



lim — 



■ < , e .^ +s .{\w+\ P + \wT\ p + \u + \ P )dx = 0. 

Moreover, reasoning as in the proof of Proposition 5.3 (see inequality (5.24)), we have that 

lim V ( \u+ -li+Fdxa =0, 



and, by the convergence Wj — > (it + , u ), it remains only to prove that 



lim — 



'7J 



T 1 "(« 



= 0. 



(6.17) 



(6.18) 
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In fact, changing variable, we get that 

1 



-E 

r x E 



Xq, x^ x n 
r 3 ' 5 3 



-(«} + -«r) 



dx 



e z,"(^) + 



and by, Poincare's Inequality 



C 1lj {x ol ,x n ) - {u)+ -u) )\ P dx a <c(jN 3 ) p I \D a C 7j (x a ,x n )\ p dx 



1"; 



for a.e. x n e (0, 1). Hence, by the p-growth condition (3.3) and (6.12) if we integrate with respect to x n 
and sum up in i e Zj, we get that 



>t: -(«r-«r) 



dx 



g ^7 J 



dx 



(6.19) 



By Proposition 5.3 and (5.3), passing to the limit as j — ► +oo in (6.19), we get (6.18). 
It remains to prove that (3.2) holds. In fact, 



j- ( \Dtij\Pdx 



y •>{"\U i& n-lB?- 1 ( X £ /)) + ^ 



\Dwf\ p dx 



-I 



It can be easily shown that 



|D Si |»<fe. 



dx 



(6.20) 



(ST ,n-l ,U) ( i+ 



{'' '" s --'l rj ' 6j ) °* n< *lA r, 'SjJJ 



dx 



~n—l—P 



(6.21) 
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while, 



1 

( 1 



1 



+5 , \Dutfdx 



, , ^ (\Dw+\? + \DwJ\ndx 



c 



V (r"- 1 - p / \D a ^dx a + ^ [ \Dw+\Pdx 



* < E 



p 3 ^« 

n-l H Wi,e 3 



-i\Z } \ J 

1 



i ' 6 



•3 J(B" p -\xl*)nu) ±5 3 



\Dwf\ p dx 



3 ^(sy-^x/jnuj-i 



|L>w;-| p dx . 



(6.22) 



Note that the previous sum can be computed over all i e 7L n - x \ Z 3 such that Q™^ 1 n w ^ 0. Let 

"5 ; = U ^e/' 

iez»- 1 \z J) Qj , - 1 nu;^0 



then 



E 

ieZ"- 1 \Z J ,Oj , ~ 1 nu;^0 



(6.23) 



Moreover, by Lemma 4.4 we have that sup.,- j- J w ±« 3 - l-Du^^iix < +oo; hence, by Proposition 5.3, (5.3), 
(6.20), (6.21) and (6.22) we get (3.2). 



Step 3: The sequence (uj) is a recovery sequence. We now prove the limsup inequality. 



limsup / W(Duj)dx 



lim sup — 



J( u 



W(Duj)dx 



W(Duj)dx 



W(Du 3 )dx . 



(6.24) 
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We deal with the first term in (6.24). The definition of Uj (6.11), Lemma 4.4 and (6.10), yield 

1 



limsup — / W(Duj) dx 

1 



= limsup— / W(Dvjj) dx 

j^+oo 4jJ(«\U ia »-iB? J - 1 ( I ?)) ± ' J 

< limsup-!- / W(Duf)dx + o(l) 

= I Q n -iW{D a u ± )dx a +o{\), (6.25) 

J uj 

as 7 — > + . For every i £ Zj, by (6.13) and (6.12) we get that 



-H [ W(Du j )dx+ ( W(Di 



~)v,j ) dx 

"" 1 / W^D^^D^^dx 

J(B"- 1 xI)\C 1 , yNj 

hence, by (5.3) and Proposition 5.3 we get 



limsup — [ / W(Duj)dx+ / W(Du 3 )dx 

< R (e) f <p {e) (u + -u-)dx a +R^H n - 1 (u)r) 



dx a 



+ limsup / I ]T ^ ] M + ~ «r)X Q -- - ^( u+ u ^ 

= f <pW( u + -u~)dx a +R {e) H n - 1 (u)v + o(l), (6.26) 

as 7 — > + . Finally, for i £ Zj, by the p-growth condition (3.3) and (6.22), we obtain 

W(Duj)dx) 



6 i V J (U ie z—i\z 3 B P, 
< Y\ T-( I {l + \DUj\V)dx 

i£L n - 1 \Zj 



— / \Dw'\ p dx 
Oj J(B?- 1 (x' t ')n u )- s i ' , 



Since 



J iTco W "" 1 (. U 5«- 1 (^)n-)=o, 
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by (5.3), the equi-integrability of (\Dw^\ p /Sj) on Lu ±s j and (6.23), we deduce 

limsup—/ W(Dv,j)dx = 0. (6.27) 

*J'-'(«nU 16 z»-i\* < s»- 1 (x?)) J 

Gathering (6.24)-(6.27) and passing to the limit as 7 — > + we get the limsup inequality for every 
u ± g W 1 .^; R m ) n L°°(w; R m ). 

We remove the boundedness assumption simply noting that any arbitrary W 1 ' p (uj;M m ) function can 
approximated by a sequence of functions belonging to W 1 ' p (uj;M. m ) n L°°(w;K m ), with respect to the 
strong W 1,p {w; R m )-convergence. Then, by the lower semicontinuity of the T-limsup and the continuity 
of 

(v+.O 1 - I Qn-iW{D a v+)dx a + j Q n - 1 W{D a v-)dx a +R^ I <pV\v + -v-)dx a 
with respect to the strong W 1,p {w; R m )-convergence we get the thesis for I G (0, +00]. 



If I = 0, we can follow the line of the previous case with slight changes. Let us start by dealing with 

<n — 
Pi 



Step 1. First, we have to notice that for the definition of (uj) in B™ 1 (x e i J ) ±<5j ', for i G Zj, we have to 
consider, for any r\ > 0, a function C 7 ,j 6 X 7 ^) such that 



/ 



/(B^-ix/j)\C 1|7j v 

hence, 

^■(^, Xn ):=C;, f^^,-)+«r in B^- 1 ^)^, forieZ,-. 

While for the definition of (uj) in B^ 1 (x e / ) ±s i , for i e Z"" 1 \ Z. ,-, we have to introduce a suitable 
function ip 7 j different from the one used in (6.14). In fact, for a fixed 7 > and j large enough we 
can always assume that *yNj > 2 and Sj/rj > 2. Let ip G W 1 ' P (B2~ 1 x (0, 2); [0, 1]) such that tp = on 
B T X x {°} and ?A = 1 on dB^ 1 x (0, 2). We then define 

' in {B^-])-^/-i\ 

4> 7 j(x):={ Mx) in (i?r 1 )+ 2 , 

_ 1 in (B^)+(V^)\(B"-i)+2. 

The functions V 7 ,j belong to W^ P ((B^ x /,•) \ C lilNj ; [0, 1]) and satisfy V 7 j = 1 on (dB^)+^/ r ^ 
and V 7J = in (-B^ 1 )"^/^). Hence, we define 



in (B^~ 1 (x e i j )x(-dj,S j ))r\flj and for i G Z" 1 \Z 7 -. In particular, we have that Uj = 10 j on (<95™. 1 (a;^)x 

Mj,i))n%. 

Taking into account the definition of (uj) we can proceed as in Steps 2 and 3 also for I = 0. □ 



7. Representation formula for the interfacial energy density 



This section is devoted to describe explicitly the interfacial energy density ip^ for I G [0, +00]. As in [2], 
we expect to find a capacitary type formula for each regime i G (0, +00), t = +00 and 1 = 0. 

We recall that tpW is the pointwise limit of the sequence (<^ 7i j)> as 3 ~~ * +°° an( i 7^0+ where for 
^G(0,+oo] 



^■W = inf 




1 x/)\C 1 ,-, JV , 



r P W 



Ce* 7 M 
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while for £ = 0, 

Az) = inf | / r p W{r^DQ dx : (E Y?(z) 1 

[J(B;-^i j )\c 1 , yNj J J 

(see Section 5). The main difficulty occurring in the description of tpW is due to the fact that the above 
minimum problems are stated on (increasingly) varying domains. This do not permit, for example, to 
deal with a direct T-convergence approach in order to apply the classical result on the convergence of 
associated minimum problems. Thus the proof of the representation formula will be performed in three 
main steps: we first prove an auxiliary T-convergence result for a suitable sequence of energies stated on 
a fixed domain, then we describe the functional space occurring in the limit capacitary formula, finally, 
we prove that ipW is described by a representation formula of capacitary-type. 

We introduce some convenient notation for the sequel. Let gj : R mx ™ — > [0, +oo) be the sequence of 
functions given by 

9j (F) -r^Wir^F) 

for every F E M mx ". By (3.3) and (3.4) it follows that 

\F\ p -r P <gj(F) <{3(r P + \F\ P ), for all F G R mxn (7.1) 

and the following p-Lipschitz condition holds: 

\g 3 (F 1 ) - g 3 {F 2 )\ < c^" 1 + {F^ 1 + {F^- 1 )^ - F 2 \, for all F u F 2 G R mxn . 

Then, according to Ascoli-Arzela's Theorem, up to subsequences, gj converges locally uniformly in M. mxn 
to a function g satisfying: 

\F\ P < 9(F) < P\F\ P , for all F E R mxn (7.2) 

and 

\g(F 1 )-g(F 2 )\<c(\F 1 \P- 1 + \F 2 \P- 1 )\F 1 -F 2 \, for all F u F 2 G R mxn . (7.3) 
7.1. The case £ G (0, +oo). We define 

X N (z) := {CG W^dB^- 1 xI)\C hN ;R m ) : ( = zon (95^)+ 

and C = on (dB^ 1 )-^ 
for N > 1 and / = (—1, 1). We recall the following T-convergence result. 
Proposition 7.1. Let 

£= lim y~ G (0, +oo) , 

then the sequence of Junctionals Gf : L p ((-B^ _1 x/)\ C hN ;R m ) -» [0,+oo], defined by 

{ [ 9j (a*C ^D n () dx if(E X N {z) 

Gf{Q := \ J (- B N~ 1 xn\Ci,N V °j ) 

[ +oo otherwise , 

T-converges, with respect to the LP -convergence, to 



f g(D a C\£D n Qdx if(£X N (z) 



+oo otherwise . 



Proof. Since I = lim.j^ +00 (rj/6j) E (0, +oo), by the locally uniform convergence of gj to g we have 
that the sequence of quasiconvex functions F *—> gj{F\(rj /Sj)F n ) pointwise converges to f h g(F\£F n ). 
Hence the conclusion comes from [10] Propositions 12.8 and 11.7. □ 
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Remark 7.2. We denote by p* the Sobolev exponent in dimension (n — 1) i.e. 

(n - l)p 



P ■= 



n — 1 — p 



We recall that if (a, b) C R, the space L p (a,b;L p (R™ _1 ;R m )) is a reflexive and separable Banach space 
(see e.g. [1] or [30]). Hence, by the Banach- Alaoglu-Bourbaki Theorem, any bounded sequence admits a 
weakly converging subsequence. 



Proposition 7.3 (Limit space). Let 



n—l—p 



lim -f e (0, +oo) , < R {1) = . lim < +oo 



++oo S. 

and let (Ct,j) e ^l( z ) suc ^ that, for every fixed 7 > 0, 



sup / gAD a C, ltj j-DnCj.j) dx <c. 



(7.4) 



(7.5) 



T/ien, there exists a sequence Q G ^^((R™ -1 x J) \ Ci i00 ;R ro ) suc/i tfiai 

and such that, up to subsequences, it converges weakly to £ in ((R" -1 x I) \ Ci i00 ;R m ). Moreover, 
the function ( satisfies the following properties 

' D( e ^((R"- 1 x I) \Ci i00 ;R mxn ), 

(-ze LP(0,l;U>'(M n - 1 ;R m )), 

C G L p (—l,0;L p *(W"'~ 1 ;M m )) . 
Proof. By (7.1), (7.4) and (7.5) we deduce that, for every fixed 7 > 0, 



(7.6) 









P 


sup / 




8, /) " S '" -') 


dx < c 


je^J(B^- 1 ,xi)\c 1 , yNj 









(7.7) 



We define 



' z in {W^\B n lN )) + , 
. = { C 7 J in ( b ^n) xI)\C hjNj , 



in (R"- 1 \ B. 



n-l\ 



hence, 
and 



Cj(-,x n ) -ze W 1 ' p (M n ~ 1 ;W m ) for a.e. x n G (0,1) 



&(•,£„) G W 1 ' p (R n - 1 ;R m ) for a.e. x n e(-l,0). 
Moreover by (7.7) we get that 

/ (DaCj J-D n Cj) P dx= [ (DaCjJ T-DnC^) 



dx < c. 



(7.; 



Since p < n — 1, according to the Sobolev Inequality (see e.g. [1]), there exists a constant c = c(n,p) > 
(independent of ir„) such that 



< c 



(7.9) 
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for a.e. x n G (0, 1), and 



( [ \Cj(x a ,x n )\ p dxa] <c f \ D a (j (x a , x n ) \ p dx Q 

VJR"- 1 / Jl"- 1 



(7.10) 



for a.e. x n G (—1,0). If we integrate (7.9) and (7.10) with respect to x n , by (7.8) and Remark 7.2, we 
get that there exist £i G L P (Q, 1; LP* (K Il_1 ; M m )) and C2 G L p (-1, 0; W* (R"" 1 ; M m )) such that, up to 
subsequences, 

'Cj-z^Ci in i p (0,l;i p *(R n_1 ;M m )), 
^ C2 in LP(-l,0;L"*(R n - 1 ;R ,n )), 



DQ ^ Dd in /^((R^+jR™*™), 



n — 1\ — . njmxn\ 



In particular, we have that 



I ^2 in L P ((R™ _1 ) 



Cj - C2 



in Wi*((R n - 1 )-;R m ). 



Then, since £1 + z = (2 on 1 in the sense of traces, we can define 



(■■= 



Ci + z in 



C 2 in (R^-U^r x{0}), 



and it satisfies (7.6). 



□ 



Now we arc able to describe the interfacial energy density tpW as the following nonlinear capacitary 
formula. 

Proposition 7.4 (Representation formula). We have 
tpW(z) = mil 

{ J(R-ix/)\Ci,„ 

D( G i p ((M™ _1 x /) \Ci i0O ;R mxn ), C-ze i p (0, 1; L p * (R n_1 ; R m )) 

and £ G LP(— 1,0; L p * (R"" 1 ; R" 1 )) 



(D a C|^D„C) <*r : C e ^((R"" 1 x J) \ C li00 ;R ro ), 



/or every z G R m . 
Proof. We define 



V> W (z) := infJ / 



x/)\Ci, ( 



<7(D Q C|«„C) ^ : C G W£f ((R"- 1 x 7) \ C li00 ; 



£>C G 7 p ((R™ -1 x 7) \Ci !00 ;R mx "), C-z G L p (0, 1; LP* (R n_1 ; M m )) 

and C G 7 p (-l,0;L p *(M"- 1 ;R" 1 )) 



we want to prove that ipW(z) = ip( e \z) for every z G M m . For every fixed 77 > 0, by definition of ip^j(z) 
(see (5.2)), there exists £ 7; j G X~J{z) such that 



(s"^xJ)\Ci, 
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By Proposition 5.1 (i) we have that (7.5) is fulfilled, then by Propositions 7.3 and 7.1 we get 



lim ip^\(z)+r) > liminf / g 3 ( D a Q 

'^ +oc ^ +oc J(B^- 1 xI)\C 1 ,- lN] ' ' 



J-D n C,j ) dx 



> 



> 



lim inf / 



(S"- 1 X/)\C 1 

ff(DaCl^nC) 



with C € W^^((R n_1 x I) \ Ci >00 ; M m ) satisfying (7.6). Note that for every fixed 7 > and j large enough 
we can always assume that jNj > N for some fixed N > 2. Hence, passing to the limit as iV — > +00 and 
7 — > + , we obtain 



<P (e) (z)+ V > [ g(D a C\eD n ()dx>^(z) 
J(K«- 1 x/)\Ci, 00 

and by the arbitrariness of 77 we get the first inequality. 

We now prove the converse inequality. For every fixed 77 > there exists 
Ci,oo;K m ) satisfying (7.6) such that 

/ g(D a C\£D n Odx<^ e \z) + V . 

J(R"-ix/)\C ll00 



(7.11) 



(7.12) 



Let N > 2, for every fixed 7 > and j large enough we have that jNj > N. We consider a cut-off 
function 6 N G C~(S^ _1 ; [0, 1]) such that 6^ = 1 in B n Nj \, \D a 6 N \ < c/N and wc define 



9 N (x a )C+(l-e N {x a ))z in (B^ 1 ) + , 



'TV 



{x a )C, 



N 
->n— 1 



m (Brru(rx{o}) 



(7.13) 



so that (n S -Xjv(z)- By Proposition 7.1, there exists a sequence (Cj) C -X"jv(z) strongly converging to 
Cw in L P ((B^ _1 x /) \ Ci^M" 1 ) such that 

/ .g(73 Q 0v|tD„0v)cfe= lim / 9j ( D a (? ^D n (A dx 

Let us define £ 7 j e X"J(z) as 

' z in (B-;\B- 1 ) + , 
C ... : j Cf in (By 1 xI)\C ljN , 
k in (B^X^- 1 )"- 
Consequently, £ 7J - is an admissible test function for (5.2) and since gj(0) = we get that 



(BJ,- 1 x7)\Ci, N 



5j ^^oCto 



9j{p<xC, 3 N j; D n( J N) dx - 
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Passing to the limit as j — ► +00, using (7.13) and the p-growth condition (7.2) satisfied by g, we obtain 

lim J e )(z) < f g(D a ( N \W n ( N )dx 

< / g(D a t\tD n Q dx + c f \D( N \ p dx 

J(B" N -^I)\C ltN/2 J(B^- 1 \B" N -^) + 

+c f \D( N \ p dx. (7.14) 

J(B^\Bl-l)- 

Lct us examine the contribution of the gradient in (7.14), 

/ \D( N \ p dx + / \D( N \ p dx 

J (B n N - 1 \Bl- / l)+ J(B^\B^)- 



<c [ (\D a e N \ p \(-z\ p + \D(\ p )dx 

J(B^\Bl-l) + 

+c [ (\D a 8 N \ p \(\ p + \D(\ p )dx 

J(Bl-\Bl-l)- 

< c I [ \DC,\ p dx+ f \DC\ p dx\ 

\J(R™-i\B" n -1)+ J(R^\B^)- J 

If \(-z\ p dx+ f \(\ p dx). (7.15) 

\J(B-- 1 \B^)+ J(Bl-\B n -l)- ) 



C 

Since p* > p we can apply Holder Inequality with q = p*/p obtaining 



c 



< c 



/ KM 

J(B^\B^)- J 

I (/„_, n - Z \ P * dx a \ 1 dx n 
Jo J BZ 1 \BZ,i 



\C-z\ p dx 

( B N \ B N/2~> + " \"N/ 



< C 



+ C f (/ i \c\ p 'dx a y /p dx n 

J-i Jb™ 1 \b; /2 1 

f (f \( - zf dx a Y /P dx n 

Jo ^Jw-^Bn-i / 

+c f (f \C\ p 'dx a Y /P dx n . (7.16) 

J-l V JK"- 1 \B"- 1 ' 



1 \ h N/2 

Hence by (7.6), (7.15) and (7.16) we have that, for every fixed 7 > 0, 

lim [ \D( N \ p dx = 

which thanks to (7.12) and (7.14) implies that 

lim ^){z)<^\z)+r } . 

Then we get the converse inequality by letting 7-^0+ and by the arbitrariness of r\. □ 

7.2. The case I = +00. In this case the study leading to the representation formula for t^ 00 ) involves 
a dimensional reduction problem stated on a varying domain. As before, we start proving some T- 
convergence results (see Propositions 7.5 and 7.7) for suitable sequences of functional stated on fixed 
domains. This will allow as to apply some well-known T-convergence and integral representation theorems 
due to Le Dret-Raoult [23] and Braides-Fonseca-Francfort [13] respectively. 
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Let Gf : L"((B^- 1 ) ± ;R m ) [0, +00] be defined by 



/ 9i (doC 



+00 



C G W 1 *((S^- 1 )+;M ,n ) 
C = zon + 



otherwise 



and 



GJ(0 ■■= { 



Proposition 7.5. Let 



K +OO 



Z) n £ I cix if 



C e ^((.B™- 1 )-;^ 7 ") 



C = on (dB^ 1 ) 



otherwise. 



£ = lim -r- = +00 , 

j— >+oo 0,- 



i/ien, f/ie sequences of junctionals (Gf ) T-converge, with respect to the L p -convergence, to 



G + (C) ■= I 



+00 



Q n -i9(D a ()dx a ifQ-ze W^B^^R™) 
otherwise 



and 



G-(C) := 



Qn-i g(D a C) dx a if ( e w 1 ' p (By- 1 ' 1 



AT ' ' 



+00 otherwise , 

respectively, where g(F) = m{{g(F\F n ) : F n E W n } for every F G R™x(™-i). 

Proof. We prove the L-convergence result only for (Gf), the other one being analogous. According to 
[13] Theorem 2.5 and Lemma 2.6 there exists a continuous function g : R mx ( ,l_1 ) — > [0, +00) such that, 
up to subsequence, (G+) L-converges to 



G+(C) := 



/ 5(^C) dx a if C - * G W 1>p (B]Jr 1 ;M m ) 



otherwise . 



Hence, it remains to show that g = Q n -i~g- By [13] Lemma 2.6, it is enough to consider M /1,p -functions 
without boundary condition; hence, it will suffice to deal with affine functions. Let C(x a ) :— F ■ x a , by 
[13] Theorem 2.5, there exists a sequence (Cj) C W 1 'P((B^- 1 )+;R m ) (the so-called recovery sequence) 
converging to ( in L P ((B'%- 1 )+ ; W n ), such that 

g(F)c N = G+(C) = .lim f 9j ( D a Q %-D n C,) dx (7.17) 

where c N = W"" 1 ^" 1 ). Moreover, by [8] Theorem 1.1, we can assume, without loss of generality, that 
the sequence (| (D a (j | j-D n C,j) \ P ) is equi-integrable. By (7.17) and (7.1), we have that 



hence, for every fixed M > 0, if we define 



sup / (A*G T-DnCj) 



dx < c: 



Af:=\x&(B n N -T-- 



n-\\ + 
N 



D a Q(x) 



fD n Q(x) 



< M 
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we get that \ Af) < c/M? for some constant c> independent of j and M. Fix M > 0, 

by (7.17), wc have 

r,- 



g(F) c N > limsup / g 3 ( D c 



yD n Q ) dx. 



(7.18) 



Moreover, for all x € Af , 



9j D a Q(x) -fD n Q(x) )-g[ D a Q 3 (x) /£>„&(*) 



< sup \ 9j (F) - g(F)\, 

\F\<M 



and then, 



/ 9 3 ( A*Cj 
Ja m \ 



f D n Q )-g( D a Q 



Li n c- 



dx 



< c N sup \ 9j (F) - g(F)\. 

\F\<M 

Hence, by the local uniform convergence of gj to g, we have that 



lim / 

j-y+oo J a a 



9 3 A*Cj 



^D n Q ) ) dx = 0. 



By (7.18), we get 



g{F) c N > limsup / g ( D a Q 

j^+oo JA M \ 



-j-DnQ dx. 



(7.19) 



Note that, since C n ({B^ x )+ \ Af) -> as M -> +oo, by the p-growth condition (7.2) and the equi- 
integrability assumption, we find 



limsup / g ( D a Cj 

Consequently, (7.19) and (7.20) imply that 



j^DnCj ) = o(l) , as M -> +oo . 



ff(-F) c N > limsup / g ( D a ( 3 

j^+oo J(B"- 1 )+ V 



Finally, from [23] Theorem 2, we know that 



j-D n Q ) dx. 



(7.20) 



(7.21) 



liminf / g ( D a Q -fD n Qj ] > Q„_i g(F) c N ; 

j^+oo J {B n N - 1 )+ \ Oj J 

hence, by (7.21) we obtain that g(F) > Q„_i <?(F). 

We now prove the converse inequality. By [23] Theorem 2, there exists a sequence (Q) belonging to 
VF 1 ' p (( J B^r 1 )+;M m ) and converging to C in L J, (( J B^" 1 )+; R m ) such that 



Q n -ig(F)c N = lim / g[D a Q^-D n Cj)dx. 

j^+OO J , B n-l )+ \ dj J 



(7.22) 



Without loss of generality, we can still assume that the sequence (| (D a Q\^D n (j) | p ) is equi-integrable. 
Thus arguing as above, from (7.22) wc deduce 



Q n -i g(F) c N > limsup 



j-+oo J(B^) + 



9j D a ( 3 



Y D nC, } dx . 



(7.23) 



Now, by [13] Theorem 2.5, we have that 

lim inf / 

J- + 00 J (B n-l ) + 

hence, Q n -i 9 {F) > g(F), which concludes the proof. 



9i A*Cj 



f D n Q ) dx > g(F) c N ; 



□ 
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Remark 7.6. By [23] Theorem 2, for every ( £ W l p (B^ 1 ;R m ) the recovery sequence is given by 
Q(x a , x n ) :— C( x a) + (^j/ r j) x nbj(x a ) for a suitable sequence of functions (bj) C C~(B£ _1 ; R m ). Note 
that by definition (Q) keeps the boundary conditions of £. Reasoning as in the proof of Proposition 7.5 
we can observed that (Q) is also a recovery sequence for (Gj~) (see e.g. (7.23)). The same remark holds 
for (GJ). 



Proposition 7.7. Let 

i = lim -j- = +oo , 

then the sequence of Junctionals G^° o) : L P ((B'^~ 1 x I) \ C hN ;W n ) -> [0, +oo] defined by 

9j [ D a ( T 



(B^- 1 x/)\Ci, JV 



^D n c) dx ifteX N (z) 



+ 00 



otherwise 



T-converges, with respect to the L p -convergence, to 

Q n -ig{D a () dx i/C € X N {z) and D n ( = 



G (oo) (C) := < 



otherwise . 



Proof. The liminf inequality is a straightforward consequence of Proposition 7.5. 

Dealing with the lim sup inequality, let us consider £ e Xn(z) with D n ( = 0. We denote by e 
H rl ' p (B]J-~ 1 (0);K m ) the restriction of C to (B^ 1 )+ and (S™" 1 )-, respectively. By Proposition 7.5 and 
Remark 7.6, there exist two sequences (Cf) C W 1 ' p ((B£ _1 ) ± ;R m ) such that 

C+ - C + in iP((^ 1 )+;M™) , C+ = ^ on (OB^Y 



(- -> C" in 7 P ((S^ 1 )-^" 1 ) , = on (dB^ 1 )- 



(7.24) 



and 



lim f gj (D a (+ 



lim 



Q Il _i3(D«C + )^o 



g(D Q C )dx 

JBZ' 1 



(7.25) 



Moreover, since C G W 1)P ((B£ _1 x 7) \ Ci iJV ; R m ), by Remark 7.6, (C + ) and (C) have the same trace on 



7?" x {0}; hence, C+ = Cj" = C on 7?" x {0}. Then we can define 

r c+ m (B--Y, 
Cr={ C on sr'xW, 

I C7 in (B^ 1 )-, 

with Cj G W^'P^-B^ -1 x 7) \ Ci,jv; M m ). In particular, by (7.24) we have that Q <E X N (z) and Q ^(in 
7 P ((7^" 1 x 7) \ Ci iJV ;M m ). Finally, by (7.25) , we have 



lim G^iQ) = lim 



j- +00> / (B n-l xJACi 
/ Q„-l5(^aC + )dx. 



9j D a Q 



Y D nC 3 ) dx 



Q n -ig(D a ( )dx c 



(B^- 1 x/)\C 1>JV 



Qn-1 5(-DaC) 
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which completes the proof of the lim sup inequality. 



□ 



Proposition 7.8 (Limit space). Let 



n-l-p 



I = lim 4- = +°° i < r(oo) = lim - i < +oo 



]—>+oo e 



and let £ 7; j G Xj(z) such that, for every fixed 7 > 7 



sup ,! /y, (/),, s '-. ; ) '/•'• • c 

3 eNj(B 7 " K jx/)\C lil « ] v d j ' 

Then, there exists a sequence Q G ^^((K™ -1 X 7) \ Ci i00 ;K m ) such that 

n-l 



(7.26) 



= Cyj in (s;v; x I) \ c hlN: 



and such that, up to subsequences, it converges weakly to C, + in W^((R n 1 ) + ;R m ) and to £ in 



W^((R n ) ;M m ). Moreover, the functions C satisfy the following properties 

{ C ± G w£|f(R n - 1 ;R ,n ), 

c + = r tnsr 1 . 

(C+ - z) and Q- e L p *(M"- 1 ;]R m ). 
Proof. We can reason as in Proposition 7.3 using the fact that, by (7.26), 

/ \D n ( 3 \ p dx<c( S -±Y; 

i(M"-i)± Vr i / 

hence, in the limit we have that D n ( = a.c. in (R rl_1 ) ± . 
Proposition 7.9 (Representation formula). We have 



<pl°°\z) = mil f (Q n -ig(D a C + ) + Q n -ig(D a C)) dx a : C ± G W 1 



C+ = C in B[ l -\ e L p (E n - 1 ;M mx ( n - 1 ) 



(C+ -z) andC" G L p *\ 



i>n — 1 . njm\ 



□ 



/or every z £ R m . 

Proof. Reasoning as in the proof of Proposition 7.4, by Propositions 7.7 and 7.8 we get the representation 
formula for ip(°°\ □ 



7.3. The case 1 = 0. We first recall the following T-convergence result. 

Proposition 7.10. The sequence of Junctionals Cf ] : 7 P ((B™ _1 x (-N, N)) \C 1>N ; 
defined by 



[0,+oo], 



Gf \0 :- 



(B^- 1 x(-JV,Ar))\Ci, N 



gj (DQdx ifC G W^asy 1 x (-N,N))\C hN ;R m ), 
otherwise , 
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T-converges, with respect to the L p -convergence, to 
G<°>(0 := < 



(B^- 1 x(-Ar,AT))\Ci, N 
+ 00 



g(D()dx i/Ce W^dB^- 1 x (-N,N))\C hN ;R m ), 



otherwise . 



Proof. The result is an immediate consequence of the pointwise convergence of the sequence of quasiconvex 
functions gj towards g together with Proposition 12.8 in [10]. □ 



Proposition 7.11 (Limit space). Let 



I = lim T 4- = , < i? (0) = lim 



j— >+oo Oj 

and let £ 7l j € ^(z) suc ^ / or every /ixed 7 > 0, 



< +00 



sup / gj(D( 7 j)dx<c. 

^ N A^ j 1 X/ j )\C 1 , 1 N j 

T/ien, i/iere exists a sequence Q € W^,? (R™ \ Ci j00 ;R m ) suc/i iftai 

= c 7 ,j m ( b 7 "jv! x 7 j) \ Ci^jv, 



(7.27) 



(7.28) 



and suc/i up to subsequences, it converges weakly to C *ra W^'^R™ \ Ci i00 ;R m ). Moreover, the 

function ( satisfies the following properties 

' DC, e LP(W l \Ci,oo;K mx "), 



C-ze LP(0, +00; £P* (R"" 1 ; R m )), 

C G oo,0;.L p *(R™ _1 ;R m )) . 
Proof. By (7.28), (7.1) and (7.27), we deduce that, for every fixed 7 > 0, 

sup / |D£ 7 j\ p dx < c. 

Let us first extend C 7J - by reflection 



(7.29) 



(7.30) 



C 7J (z a , 2^- - ^n) if x a e B"^ 1 and x„ G (Sj/rj,2Sj/rj), 



C7J'( X ) 



if xGfB^x/^^, 



(7.31) 



C 7 j (x Q , -2^- - ie„) if x a e S™^ 1 and a;„ e {-25j/rj,-5j/rj) 



and then, we extend it by (2oj/rj)-periodicity in the x„ direction. The resulting sequence, still denoted 
by is defined in (B™^ 1 xR)\ Ci j7 jv r Hence, we define on R™ \ Ci l00 , 



in (R n_1 \ -B"^ 1 ) x (0,+oo), 
(j(x):=l Cij{x) in (B; n ;xM)\C w , 

_ in (R n_1 \ -B™^ 1 ) x (-oo,0). 



(7.32) 
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Let us now introduce the cut-off functions G C%°((— 25j/rj, 2Sj/rj); [0, 1]) such that <f>j(x n ) = 1 if 
\x n \ < dj/ r j, i'jixn) = if \x n \ > 2Sj/rj and \D n (pj\ < c(rj/5j). Then, we introduce our last sequence, 

pj(x n )Cj(x a ,x n ) + (1 - <j>j{x n ))z if (x a ,x n ) G M n_1 x (0,+oo), 



Cj {Xa j X n ) '.- 

Note that 



>j(x n )Cj(x ai x n ) if (x a ,x n ) G M n 1 x (-oo,0). 



Ci=C 7 j in (^x/^d,^.. (7.33) 
Moreover, by (7.30)-(7.33) we have that 

sup / \D a Q\ p dx < c, (7.34) 

while, for every (a, 6) C R, with a < 6, we have 

|£>„0| p da;<c, (7.35) 



'(R"- 1 x(a,6))\Ci, 

for j large enough and c independent of (a, 6). Reasoning as in Proposition 7.3, with (0, +00) and (—00, 0) 
in place of (0, 1) and (—1,0), respectively, we can conclude that there exist (i G L p (0, +00; LP (IR" -1 ; R m )) 
and C2 G L p (-oo, 0; LP* (f- 1 ; R m )) such that, up to subsequences, 

in L p (0,+oo;L p *(R n - 1 ;R ,n )) 

and 

0^C2 in L p (-oo,0;L p *(]Il T, - 1 ;]Il ,n )). 

Moreover, by (7.34) and (7.35), we have that, up to subsequences, Q converges weakly to C in W^(R n \ 
Ci i00 ;K m ) where 

Ci + z in W 1 - 1 x (0, +00) 
C2 in (K"- 1 x (-00, 0)) U (Bl 1 - 1 x {0}) . 

In particular, for any compact set K C MP \ Ci i00 , we have that 



c 



/ \D(\ P dx < liminf / \DQ\ P dx < c 



for some constant c independent of K; hence, we get that DQ G L p (R n \ Ci i(X) ; R mxn ) which concludes 
the description of the limit function (. □ 

Proposition 7.12 (Representation formula). We have 

^ ] (z) = mill g{DQdx: (e W^(R n \C hoo ;R m ), D( e LP(R n \C hoo :R mxn ), 

C - z G L p (0, +00; L p * (R"" 1 ; R m )) and ( G L p (-oo, 0; L p * (R"" 1 ; R m )) | 

/or ewer?/ z G R m . 
Proof. We define 

V (0) W := inf| / g(D()dx: CeW^(R n \C\. 00 :R m ), D(eLP(R n \C 1 , oc -,R mxn ), 

C-ze L p (0, +00; L p * (R"" 1 ; R m )) and C G L p (-oo, 0; L p * (R™ _1 ;R m ))| 
and let us prove that <p(°\z) = ip(°\z) for every z G R m . 
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By definition of ip^- (see (5.13)), for every fixed rj > 0, there exists £ 7 j <E Y?(z) such that 



/ 



gj (DC 7d )dx<<p<?Uz)+ri-, (7.36) 



hence, by Proposition 5.2 (i), (7.28) is satisfied. Then by Propositions 7.10 and 7.11 we get that 
lim ip^](z) + r) > liminf / gj(DQ)dx 



> lim inf / gj (DQ ) dx 



/ ff(DC)<te (7-37) 

•» I -B?, -1 X ( — N,N))\Ci.N 



> 

'(s^- 1 x(-Af : Ar))\Ci, JV 

for some fixed TV > 1, where £ satisfies (7.29). Thus, passing to the limit in (7.37) as N — > +oo, 7^0+ 
and ?7 — > + , it follows that 



(z)> / ff (DC)da:>^ (0) («). 

JM»\Ci,oo 



Let us prove the converse inequality. For any fixed 77 > 0, let £ e IL^'^R™ \ Ci :00 ;]R m ) be as in (7.29) 
and satisfying 

f g{DC,)dx<^°\z)+r]. (7.38) 

JM«\Ci,oo 

For every j G N and 7 > 0, we consider a cut-off function 6* 7J € C^°(B™^ 1 ; [0, 1]) such that 6> 7J = 1 in 
Bn (iN 3 )/2i \ D ^A < c/7-Wj and we define £ 7J € >7(z) by 

7>j (a; Q )C + (1 - O ld (x a ))z in (B^^ 5 
7 ,,(a; Q )C m (B^)-^/^ U (B™- 1 x {0}) . 

Consequently, £ 7 j is an admissible test function for (5.13) and we get that 

<P ( %(*)< [ 9i(DCj,j)dx. 

J(B^- 1 ,xI j )\C lnNj 

The same kind of computations as those already employed in the proof of Lemma 7.4 now with gj in 
place of g and with other obvious replacements (see (7.14)-(7.16)) gives 

lim ip^](z) < lim sup / gj(DQ dx + o(l) , as 7 — > + . 

On the other hand, Fatou's Lemma and (7.1) imply 

lim sup / gj(DQdx< / #(£>£) da; + o(l) , as 7^0+. 

j-^+oo J(B^ 1 .xIj)\C lnNj JR"\Ci )00 

Hence by (7.38), passing to the limit as 7 — > + , we get that 

tp<®{z) < ^ (0) (z) + ?7 

and by the arbitrariness of rj, the thesis. □ 
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Remark 7.13. As already recalled, in [2] it is proved that if Sj = 1 or Sj = Sj then the critical size 
rj of the contact zones is of order e[ n 1 ^^ n p 
density is described by the following formula 



Tj of the contact zones is of order e^" V) ^ n p ) or g™^" p \ respectively; moreover, the interfacial energy 



<p(z) = inf / g(DQ dx : C G W^(R n \ C hoo ;R m ) 

L JK"\Ci,oo 

C-z G W hp (Rl;R m ), C G W 1,p (R";R ro )} 

where R" = M™ _1 x (0, +oo), M™ = M™ -1 x (-oo,0) (sec [2] Section 7, the case p = q, with p £j = r j: 

Hp = U P = W, W p = U P = g and R™ _ U £?™ _1 (0) = R™ \ Ci )00 ). 

We want to point out that from the analysis we carried on in the case I — and in particular from 

r n-P 

< i? (0) = lim -i 



we recovered both the critical sizes founded in [2] and correspondent to the two cases Sj — 1 and Sj = Ej . 

Moreover we want to show that (p — tp(°\ We have to check only the inequality (p < (p^°\ the other 
one being obvious. 

For any fixed r\ > let C G W^(R n \ C hoc ;R m ) be such that (-z£ L p (0, +oo; L p * (K Il_1 ; M m )), 
C e D> (-oo, 0; LP* (W 1 - 1 -^™)), D( e i p (M™ \ C 1)00 ; R mx «) and 

/ g(DQdx < tpW(z)+ri. (7.39) 

JR"\Ci,oo 

For every iV > 2 we denote by Bat the n-dimensional ball of radius N centered in zero and by B^ the set 
of the points x <E Bn such that ±x„ > 0; wc consider a cut-off function 9m G C^°(Bn; [0, 1]) such that 
#jv = 1 in B N / 2 , \D6n\ < c/A^ and we define 



9 N ((-z) + z in B+, 

ffjvC in B~ U (Br 1 x {0}) 

so that C e VF 1 ' P (B A , \ Ci ;JV ;R m ), C = z on and C = on dB N . Hence, 

f g(DC)dx= f g(D()dx+ f g(DQdx; 

in particular, by (7.2), we have 

/ 9(DQdx < p([ \D8 n \p\C - z\p dx + f \D6 N \P\(\Pdx 

J(B N \B N/2 )\C 1 , N VB+\S+ /2 J B- n \B- /2 

\DC\Pdx) 

(Bn\B N / 2 )\Ci,n 

- £(L fl+ lc - zlPdx+ L B - lc H 

JB n\ B N/2 JB N\ B N/2 

+ f \D(\ p dx. 

J(R"\B JV/2 )\C 1 , 00 

Since Q-z E L p (0, +oo; L p * (M™ _1 ; M m )), C G L p (-oo, 0; i p * (R™" 1 ; R" 1 )) and D( £ L P (R™ \Ci )00 ; R mx "), 
we can easily conclude that 

lim / g(DQ dx = . (7.40) 



(Bn\B n / 2 )\Ci,n 
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Hence, by (7.40), we deduce 

<p<®(z)+ri > ( g(D()dx> f g(D()dx 

JR"\Ci l00 J B N / 2 \Ci tN /2 




g{DQdx + o{\) 

'l,N 



> inf{ / g(D() dx : C G W^{B N \ C hN ;M. m ) 

^Jb n \c\, n 

C = z on dB+, C = on dB N } + o(l) 

as N — > +oo. Finally, passing to the limit as AT — > +oo, by the arbitrariness of r\, we get ip^ > <p. 

Note that the proof of the explicit formula for ip in [2] relies on the fact that Sj is of order Sj or bigger 
than it, while in Proposition 7.11 and Proposition 7.12 we have to take into account that Sj -C £j. This 
is the reason why our proof is different from the one of [2] even if, at the end, the two representation 
formulas turn out to coincide. 

8. Conclusions 

Our paper deals with the characterization of the effective energy of weakly connected thin structures 
through a periodically distributed contact zone. Wc highlight the presence of three different regimes 
(depending on the mutual rate of convergence of the radii of the connecting zones and the thickness of 
the domain) and for each of them we derive the limit energy by a T-convergence procedure. For each 
regime an interfacial energy term, depending on the jump of the deformation at the interface, appears in 
the limit representing the asymptotic memory of the sieve. We completely describe the interfacial energy 
densities by nonlinear capacitary type formulas. 
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